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Abstract

When testing for unrestricted serial correlation in linear panel data models, the number of
moment restrictions under the null hypothesis of no such correlation increases quadratically in the
number of time periods T. Portmanteau tests designed for fixed T can quickly lose power even for
time horizons that are typically still considered as small. To circumvent this problem, we propose
refinements motivated by strategies to reduce the number of instruments in the estimation of
dynamic panel data models. Furthermore, we propose a new test based on covariances between first
differences and encompassing longer differences. Our test yields substantial power improvements
against moving-average and autoregressive alternatives. It retains high power under random-walk
alternatives and high variances of the group-specific error component. Moreover, we demonstrate
that serial-correlation tests based on regression residuals can suffer from severe power losses when
the initial estimator is inconsistent under the alternative. Finally, we re-analyze a widely used data
set for the estimation of dynamic employment equations. Contrary to previous evidence, but in
line with our power comparisons, our proposed test uncovers statistical evidence for the presence
of serial correlation. Taken at face value, this in turn implies that the original regression results

suffer from estimator inconsistency.
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1 Introduction

Serial correlation in the idiosyncratic error component is usually undesirable when estimating panel
data models with an error components structure. The adverse consequences reach from inefficient
to inconsistent estimation of regression coeflicients, as well as inconsistent standard error estimates.
When the regression model is dynamically incomplete as a consequence of omitting relevant lagged
predictors, correcting standard errors for serial correlation is generally insufficient for conducting valid
statistical inference. Especially in dynamic panel models, identification strategies based on instrumen-
tal variables are designed for dynamically complete models, in which the within-group correlation of
the error term is entirely due to the group-specific component. Similarly, likelihood-based estimators
rely on the correct specification of the error covariance structure. Tests for serial correlation are there-
fore an essential part of the standard specification testing toolkit. In this paper, we discuss recent
advances for serial-correlation testing and propose refined tests with better power properties under a
wide range of alternatives.

For models with strictly exogenous regressors — ruling out dynamic models with a lagged dependent
variable — a variety of serial-correlation tests has been proposed, starting with the generalized Durbin-
Watson statistic of Bhargava et al. (1982) and the Lagrange multiplier statistic of Baltagi and Li (1995).
A shortcoming of both tests is that they rely on the assumption of normally distributed disturbances.
Wooldridge (2002, p. 282-283) suggested a computationally simple test — operationalized by Drukker
(2003) — based on first-differenced residuals. Born and Breitung (2016) summarize the properties of
these tests and suggest some modifications.

The above tests are designed for specific data-generating processes and can have poor power against
other alternatives. Inoue and Solon (2006) proposed a portmanteau test against arbitrary higher-order
correlation for a small number of time periods 7', which was refined by Jochmans (2020a) to overcome
the reliance on a regularization parameter. Since the number of moment restrictions under the null
hypothesis grows quadratically in 7', the cross-sectional sample size N must grow even faster for a
reliable asymptotic approximation of the test statistic’s distribution. To avoid a loss of power with
relatively large T, the test statistic can be limited to lower-order autocovariances. Alternatively, tests
can be constructed against autocorrelation of a specific order, as suggested by Born and Breitung
(2016).

It is a major drawback of these approaches that they require the explanatory variables to be strictly

exogenous.! Early tests for specific covariance restrictions in models with a lagged dependent variable

! Jochmans (2020a) considers an adjustment of his modified Inoue and Solon (2006) test for models with predetermined
regressors.



include the Bhargava and Sargan (1983) likelihood ratio test and the Wald or minimum chi-square tests
proposed by Bhargava (1987) and Arellano (1990), which treat the elements of the error covariance
matrix as structural parameters. For more flexible models with any number of predetermined or
endogenous regressors, the Arellano and Bond (1991) test was the empirical researcher’s first choice for
a long time. This is a test against second-order serial correlation of the first-differenced disturbances.
It is straightforward to generalize the test for higher orders (Arellano, 2003, p. 121-123). With the
aim to increase power, Yamagata (2008) proposed to test jointly against correlation of second and
higher order. However, because both tests are entirely based on first differences, they lack power
against random-walk alternatives. More recently, Jochmans (2020b) developed a portmanteau test
against arbitrary serial correlation, which remains valid under heteroskedasticity of any form, retains
power under strong autoregressive alternatives, and is applicable with as few as 3 time periods. The
Arellano and Bond (1991) and Yamagata (2008) tests, which can be constructed from a subset of the
portmanteau moment restrictions, require at least 4 consecutive observations.

However, if N is not sufficiently large relative to 7', this portmanteau test can suffer from a similar
loss of power as the Inoue and Solon (2006) test due to the large number of moment restrictions
under the null hypothesis. Importantly, this can bite already at moderately small T that empirical
researchers may not consider problematic. Even when T is sufficiently small, the test’s power is
sensitive to a large variance of the group-specific error component.

To address the problem of moment proliferation with increasing 7', we can borrow ideas from
the literature on the estimation of dynamic panel models with too many instruments, especially
curtailing and collapsing (Roodman, 2009; Kiviet, 2020). In many applications, the marginal signal
provided by moment restrictions that are sensitive to higher-order serial correlation is of diminishing
value. Limiting the focus on the most informative moment restrictions — i.e., curtailing the order
of correlation that can be detected under the alternative hypothesis — can thus improve the finite-
sample performance of the test. Similarly, imposing some homogeneity of the data-generating process
over time — i.e., collapsing/averaging the moment restrictions over time periods — hardly limits the
spectrum of alternatives that can be detected by the test.

Beyond those refinements, we propose a particular linear combination of the moment restrictions
to test for significant covariances between first differences and encompassing longer differences. Hahn
et al. (2007) previously suggested taking long differences with a similar aim of reducing the dimension-
ality of available moment conditions and gaining instrument strength in the estimation of dynamic
panel models. In our context, this approach addresses two main shortcomings of the existing serial-

correlation tests: Unlike tests based entirely on first differencing, our moment restrictions remain



informative under a random-walk alternative; in contrast to the portmanteau test, our test is invari-
ant to high variances of the group-specific error component. We showcase the power improvements
of our new test against various alternatives with asymptotic power calculations and Monte Carlo
simulations.

Since serial-correlation tests are typically performed on regression residuals, the estimation un-
certainty affects the distribution of the test statistic — unless restrictive exogeneity assumptions are
imposed on the regressors. We demonstrate analytically and with simulations that the considered tests
can suffer from substantial power losses when the initial estimator is inconsistent under the alternative
hypothesis — even if the estimation uncertainty is correctly accounted for. This is generally the case in
dynamic panel models. In extreme cases, the signal from serially correlated errors can be entirely offset
by the estimation error. For testing purposes, where possible, we therefore recommend to choose an
estimator that remains consistent under the alternative, disregarding a potential efficiency loss under
the null hypothesis.

As an empirical illustration, we apply the existing and new serial-correlation tests to the data
set used by Arellano and Bond (1991) in their seminal paper. They did not find evidence of serial
correlation after estimating dynamic employment equations in a sample of U.K. companies, affirming
the correct specification of their regression model. We replicate and re-assess their results. While
the existing tests do not reject the null hypothesis, our new test based on long and first differences
strongly rejects it in favor of serially correlated errors. These findings can be explained with the power

comparisons in this paper, and they imply that the original estimations are inconsistent.

2 Testing for serial correlation

2.1 Moment restrictions

Our setup largely follows Jochmans (2020b). We consider the familiar error components model

Yit = X;tﬁ + Ui, Ui = O + Eg, (1)

it=1,2,...,N,and t = 1,2,...,T. x; is a K x 1 vector of regressors. The error term u; consists
of the group-specific component «; and the idiosyncratic component ;. Throughout the paper, we

maintain the following standard assumptions:

Assumption 1: The error components «; and e;; are distributed independently of each other with

Ela;] = Elei] = 0, E[a}] < 0o, and Ele}] < oo.

Assumption 2: The covariates x;; satisfy E[||x;||4] < co.



Assumption 3: An asymptotically linear estimator B is available for the coefficient vector 3:

N
VN(B=B) = =D wit o) @
i=1

where w; is a random vector with Ffw;] = 0 under the null hypothesis of no serial correlation in e;.

Furthermore, let &; be an estimator of the influence function w; that satisfies sup; ||@; — wg|| = 0.

The moment restrictions jointly considered under the null hypothesis are
E[Eisﬁit] =0 (3)

for all s # t. In total, there are T'(T'—1)/2 distinct covariances. However, since we cannot consistently
estimate the group-specific component «; under fixed-T' asymptotics, we cannot back out consistent
estimates for the idiosyncratic error component €;; either. The test thus needs to be based on estimates
of the combined errors wu;;.

As pointed out by Jochmans (2020b), instead of the moment restrictions (3), we can work with

differences of covariances:
Eleiseir) — Eleiscir] = Eluis(uis — uir)] = 0. (4)

As long as we assume that there exists no ¢ # 0 such that Ele;se;] = ¢ for all s # ¢, testing restrictions
(3) is equivalent to testing restrictions (4). Notice that T(T" — 1)/2 — 1 of the latter restrictions are

linearly independent. A convenient way of writing the nonredundant moment restrictions is

EluiyAuy] =0, 3<t<T, 2<s<t—1, (5)

Elujpy1Auy] =0, 2<t<T—1, (6)

where Auy = ui — ujy—1. In the following, we label the moments (5) backward looking and the
moments (6) forward looking.

The composite null hypothesis can then be written as



where CZ = H;Aui, Auz- = (Auig, Auig, c. ,AuiT)’, and HZ = (Hi,,HiJr), with

0 0 O 0 0 Uiz 0 0
u;; 0 0 0 0 0 uy 0
Hi- =10 wuj up» 0o --- 0 and H;, =
0 0 ;T
0 0 O Uil Ui T—2 o 0 --- 0

2.2 Transformations

Any linear transformation of the moment conditions (7) yields a valid subset of restrictions under the

null hypothesis of no serial correlation in the idiosyncratic error component:
E[R(;] =0, (8)

where R is a deterministic transformation matrix of full row rank r. If R is nonsingular, tests of
the moment restrictions (7) and (8) are equivalent. Some relevant transformations take the block-

triangular form

R. 0
R = ;
R, R,

conformable with the following partitioning of the moment functions:

/

where H;_ equals H;_ without the first row, and HH is the diagonal matrix obtained by removing
the last row from H; . Correspondingly, Au; has the initial observation Au;s excluded, and Ay is a
vector without the last observation Awu;r.

As an example of an equivalent set of moment restrictions, we can replace any of the moment
functions w; 1 Au; in H; +Au; by the otherwise redundant w;tysAu;, for some s > 2, because
(Wi t+s — Ui t+1)Auy can be written as a linear combination of the moment functions in H;_Al'li. More

generally, we can replace H; +A; by any valid linear combination of the initial moment functions,
H,, Ai; = R.H,_Aw, + R H,, Ay, (9)

provided that R is of full rank. For example, we can let Ry = I7_5 and find a corresponding R such



that PVIZ-Jr = u;7I7r_9. Another relevant case would be ﬂH = Kﬁrfli+, where K is a lower-triangular

transformation matrix of full rank. In particular,

1
: 0o --- 0
1 2
K 3 3 0
+ — )
1 2 T—2
T-1 T-1 T-1

such that K, A; yields a vector of “backward-orthogonal deviations” w;; — % 22:1 Ujg, 2 <t < T —1.
It turns out that this can be achieved by setting R, = K with an appropriate choice of R..?

For the backward-looking moment functions, it follows immediately from results in Arellano and
Bover (1995) that there exists a nonsingular transformation matrix R_ such that R_H; Aw; =
H,_K_Au;, where K_ is an upper-triangular transformation matrix of full rank.> To complement

the above example, we can choose

_ T2 2 1
T-1 T—1 T—-1
K_ = ,
2 1
0 -5 3
1
0 0 -1

such that K_Au, is a vector of “forward-orthogonal deviations” u;; — ﬁ Zzzt Ui, 2 <t <T—1.
Put together, we can recast the whole set of moment functions equivalently in terms of deviations
from forward and backward means:
H,_ 0 K. 0| (A
RC, = . - (10)
0 H,, 0 K, Aty
This equivalence result applies to all valid transformations K_ and K that satisfy the above require-
ments.

While, in general, the test statistic is invariant to such a transformation, using deviations from
forward and backward means can be beneficial if there are gaps in the observed panel data set. Such
gaps would only lead to the loss of a single observation per gap because the missing observation
can simply be ignored in the calculation of the forward and backward means. In contrast, with first

differences each gap leads to the loss of two consecutive observations.

2For details, see Appendix A.
3See also Phillips (2019, Theorem 1).



In the following, we restrict our attention to balanced panel data sets without gaps. Our main focus
will be on transformation matrices R that reduce the dimension of the moment vector by selecting or
linearly combining specific moments. Such dimensionality reduction approaches are no longer invariant

to the initial choice of nonredundant moments.
2.3 Test statistic

Let &, = RCi and assume:
Assumption 4: R is a deterministic row-orthonomalized r x T matrix such that RR/ = I,.

Assumption 4 ensures that the moment functions &; are suitably bounded when r is fixed while
T — oco. It is without loss of generality, as we can find R = (RR/)"/2R for any r x T matrix R
that has full row rank. Because (RR’)~'/2 is nonsingular, the transformations R¢; and R¢; lead to
identical test statistics.

Since the regression errors wu;; are unobserved, a feasible test needs to be based on residuals

Uit = Yit — x;tB. We can expand the estimated moment functions ZZ = f{a = Rﬁ;Aﬁi to express

them as a function of &, = (&14, &2, - - -, &) and the estimation error B -G
~ ~ 1 ~ / ~
si=£i+Du(ﬂ—ﬂ)+2(L@(ﬁ—,@))mi(ﬁ—ﬁ), (1)

where

8517; 62511’

o8’ 9803

ey %Ey;

8 . 7 7

Dli = (96,82/ = B'H and D2i = 8ﬁi9ﬁ
85” 6257‘1

o8’ 2803

Under fixed r, it then follows from equation (2) that

gﬁz ZEz <1“1 + = <I,« ® (B - B)/> 1“2) éwi +0p(V'N), (12)

where I'; = E[Dj;]. Since under the null hypothesis (I, ® (B — B))Ty Efil w; = 0,(V'N) itself, we

can obtain the asymptotic distribution from

N | X
fz J»Z (& + Thw;) + op(1). (13)

However, the extra term involving I's will be useful for the (finite-sample) power analysis if the

estimator B becomes inconsistent under the alternative hypothesis, which we explore in more detail



in Section 4. As pointed out by Jochmans (2020b), I'; generally differs from the null matrix unless all
regressors X;; are strictly exogenous with respect to ;¢ and their first differences Ax;; are uncorrelated
with «;. The latter is satisfied in a static random-effects model but does not automatically hold under
a fixed-effects assumption. In dynamic models, the lagged dependent variable violates the strict-
exogeneity assumption by construction.

With estimates of the Jacobian T'y — see Jochmans (2020b) — and the influence function @;, the

test statistic is computed as*

Sn = 1%2 | iZ(E'f‘f‘A')(E'f‘f‘A')/ 7 1%2 (14)
SN = \/N i N < i 1W; i 1W; \/N i

Denote the noncentral x2-distribution with r degrees of freedom and noncentrality parameter 7 by

x2(r,7). The following proposition is an adaptation of Theorem 2 from Jochmans (2020b):°

Proposition 1: Under Assumptions 1-4 and with 3, = E[(§; + T'1w;)(§; + T'iw;)'] of maximal rank

r, where fl EN T'1, it holds as N — oo and with r fixed:
(a) sy 4 x2(r,0) under the null hypothesis E[¢;] = E[(;] = 0;

(b) s LN x> (r, 5;2;1&) with 8, = 8,+T'w(d,) under the sequence of local alternative hypotheses
E[¢;] = 6,/V'N and E[w;] = w(8,)/V' N, where w(8,) = O(1) with w(0) = 0.5

To demonstrate the problem of moment proliferation, let us consider the case where 3 is known.”

Then, the test statistic simplifies to

and we can establish the following finite-sample result:
Proposition 2: Let rk (Zfil EZEQ) = min(V, r) with probability 1. Then, sy = N for r > N.

Thus, when the number of moment restrictions r reaches or exceeds the cross-sectional sample size
N, the test statistic becomes degenerate and the null hypothesis is never rejected. In practice, this
curse of dimensionality can bite quickly. For example, empirical researchers might still consider T to
be small in data sets with 7" = 15 and N = 100, but Proposition 2 already applies for the portmanteau

test (R = I,.) because r = 104. Moreover, power losses occur well before reaching the degenerate case.

4(.)~ denotes a generalized inverse in case of rank deficiency.

5 All proofs are relegated to Appendix B.

Sw(8,) = 0 for all §, if the estimator 3 remains consistent under the alternative.

"For example, with 8 = 0, this amounts to testing for serial correlation in the idiosyncratic component of an observed
variable y;; without the need of estimating residuals.



In general, the rank 7 of the transformation matrix R will either be fixed or grow (linearly or
quadratically) with the number of time periods 7. When r is fixed, the results of Proposition 1 apply.
Otherwise, we need to restrict the rate at which r is allowed to grow relative to N, which implicitly
restricts the relative growth rates of T and IN. The next proposition presents conditions and results

under many-moments asymptotics:

Proposition 3: Under Assumptions 1-4 and the null hypothesis, and assuming additionally that
. _ 4
there exists C' > 0 s.t. E |:(V,2r 1/2(51- + I‘lwi)> } < C for any unit vector, ||v|| =1, and any r, it

holds as N — oo and 1/r +r*/N — 0:%

~

SN —T d
1).
o — N(0,1)

The rate requirement r*/N — 0 highlights the short-panel nature of the test. To obtain less
restrictive rates, such as r2/N — 0, we would need to impose stronger conditions elsewhere; e.g.,
bounding the maximum eigenvalue of the covariance matrix 3,, as in Han and Phillips (2006). How-
ever, given the type of moment functions {; considered here, it is not straightforward to impose
such conditions without losing generality. With w; being finite-dimensional, the additional condition
on E [(v’ f];l/ 2 (& + I‘lwi)>4:| refers essentially to the kurtosis of normalized linear combinations of
many &;, which we require to be uniformly bounded to enable the standard normal limit; see the
proof for details. We note furthermore that, with T" — oo, the estimator B may converge to 3 at a
rate faster than v/N. In this case, w; may be taken to vanish in the proof of Proposition 3; however
explicitly accounting for I'jw;, even if vanishing, may lead to improved finite-sample performance.

In finite samples, it may still be of advantage to use critical values from the y2-distribution.
Indeed, our simulations suggest that the y?-approximation to the asymptotic distribution tends to

provide better size control and higher power than the standard-normal approximation.
2.4 Dimensionality reduction

The (T'—1)x (T'—1)(T'—2)/2 matrix H;_ has the same general structure as the matrix of instruments in
the generalized method of moments (GMM) estimator proposed by Arellano and Bond (1991). Because
a large number of instruments can lead to overfitting problems, instrument reduction strategies are
commonly applied. The leading approaches include “curtailing” and “collapsing” (Roodman, 2009;
Kiviet, 2020). Corresponding strategies can be applied to reduce the dimensionality of the moment
restrictions for the serial-correlation test. They can be implemented as linear combinations of the full

set of moment restrictions.”

8See Appendix B.3 for details.
9 Appendix C provides a characterization of matrix R for the cases discussed below.
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Curtailing refers to a selection of columns of matrix H;_ corresponding to the backward-looking
moment restrictions

Eluis—sAuy) =0, 3<t<T, 2<s<q+1, (16)

for some ¢ > 1. Curtailing thus reduces the number of these moments from (7' — 1)(T — 2)/2 to
q(2T — q — 3)/2. The forward-looking moments (6) remain unchanged.

Collapsing instead leads to linear combinations of the moment restrictions of the form

T

E| Y wipsAuy| =0, 2<s<T-—1, (17)
t=1+s
T—1

E Z Ui i1 Auq | = 0, (18)
=2

which reduces their number to T'—2 backward-looking moments and a single forward-looking moment.
Both curtailing and collapsing limit the growth of the moment count to a linear instead of a quadratic
rate in T'. If the two approaches are combined, the total number of moment restrictions becomes g+ 1,
independent of T'.

Further below, we will also consider a variant of the test which combines all columns of H;; and

H,_ into a single moment restriction, which we shall call “full collapsing”:

T-1 T-1 T
FE Z uLtHAuit — Z Z ui,t,SAuit =0. (19)
t=2 s=2 t=1+s

While, theoretically, it is possible to construct data-generating processes with serially correlated
errors €;; that satisfy the collapsed moment restrictions, such extreme cases are hardly of any practical

relevance.
2.5 First differencing

Because the levels of u;; are a function of the group-specific error component «;, a high variance of
a; can adversely affect the performance of the test by overshadowing the signal coming from ¢;. To

circumvent this issue, a test can be constructed based entirely on first-differenced errors:

EAuj—sAuy] =0, 4<t<T, 2<s<t—-2. (20)

By combining this idea with the collapsing approach, we obtain the test proposed by Yamagata

11



(2008), which is a joint test against serial correlation at order 2 or higher in the first-differenced errors:

T
E Au g s Augg
t=2-+s

E =0, 2<s<T-2 (21)

By selecting the single moment restriction for s = ¢ + 1, we can test against serial correlation in the
first-differenced errors of order g + 1, which would be indicative for g-th order serial correlation in the
level errors. This resembles the test proposed by Arellano and Bond (1991).10

While the general portmanteau test is applicable with as few as T' = 3 observations per group, a
test based on first differences requires T' > 4. To be different from the Arellano-Bond test, Yamagata’s

test requires T' > 5.
2.6 S-differencing

The tests based on first differences entirely ignore the forward-looking moment restrictions, which
is inefficient and can lead to substantial power losses. In particular, when the idiosyncratic error
component follows a random walk — i.e., €4 = €;;—1 + v with independently distributed innovations
v;+ — the test has no power because Awu;; remains serially uncorrelated. To overcome this shortcoming
while retaining the benefit of invariance to «;, we propose an alternative differencing approach by
linearly combining columns from matrix H;_ with those from H;;. This yields covariance restrictions
between longer differences Ag« st = w45+ — Ui —s, s* > 1 and s > 2, and first differences Ag 1u; =
Augr = uit — ujp-1:

E[AlysuitAuit] == O, 4 S t S T— 1, 2 S S S t— 2. (22)

It suffices to focus on s* = 1 because additional moment restrictions for s* > 1 become redundant.
Importantly, the long differences encompass the first differences. We refer to this transformation

as S-differencing, which may be derived from “seasonal differencing”!!

or “sandwich differencing”
(because of the encompassing structure). These moments remain informative under the random-walk
alternative because Cov(g; 111, Aeir) = Var(vi). As before, to address the issue of too many moments,

we can combine the S-differencing strategy with curtailing and collapsing.

3 Power comparisons

To simplify the power calculations, let 3 = 0 to avoid the complication of estimating 3 in a first stage.

The test is then directly computed with the observed y;; = u;. Analogously to Jochmans (2020b), we

10 Arellano and Bond (1991) compute an asymptotically standard-normally distributed version of this test.
"1n Stata, long differences are generated with the seasonal-differencing operator S.

12



consider either a first-order moving-average (MA(1)) alternative,

€it = Vit + OV 1, (23)

or a first-order autoregressive (AR(1)) alternative,

€it = PEit—1 + Vit (24)

Vit is independently distributed with mean zero and variance o2 ,, and the variance of o; is 2. Initially,

vt

2

we focus on the stationary case, where o, = o2 and the initial observations ;0 under the AR(1)

alternative are independently distributed with mean zero and variance 02/(1 — p?). Under the MA(1)

alternative, the expected values of the moment restrictions are

Elu; t—sAuy] =
0, 3<t<T, 2<s<t—1,

E[Ui7t+1Auz‘t] = 00’3, 2 <t< T-—-1.

Under the AR(1) alternative, they are

BEluii—sAui] = —ﬁipaf, 3<t<T, 2<s<t-1,
Elu; g 11Au;) = 1 _'i paf, 2<t<T —1.

The test statistic is given in equation (15). As a special case of Proposition 1, sy LA x2(r,0) under
the null hypothesis, and sy LN x2(r,8/.3,718,) under the sequence of local alternatives E[¢;] = &, /v N,
where ¥, = E[€,£)] is the variance-covariance matrix of the moment restrictions under the null
hypothesis; see also Theorem 1 in Jochmans (2020b). For known variance-covariance matrix X,, we
can compute the theoretical power as the tail probability from the noncentral x?-distribution.'?

Table 1 lists the resulting noncentrality parameters for three- and four-wave panels against sta-
tionary MA(1) or AR(1) alternatives. In the following, we will use these analytical expressions to add

some insights to the power comparisons carried out by Jochmans (2020b).!* Besides considering the

dimensionality reduction techniques, we also have a closer look at the performance under different

128ee Appendix D for a general characterization of the covariance matrix ¥ = E[¢;¢)], with &, = RER/.

13Notice that for T' = 4 the noncentrality parameter 7 for the portmanteau test without moment reduction is different
from the one presented by Jochmans (2020b). Notwithstanding this discrepancy, for the special case o2 = 0 primarily
considered in the power comparison exercise by Jochmans (2020b), his expression yields the correct value. Hence, his
qualitative conclusions for this case continue to hold. We have numerically verified that our analytical expressions for
the variance-covariance matrix and the noncentrality parameters are correct for any value of o2.

13



Table 1: Noncentrality parameters against stationary alternatives

dimensionality reduction noncentrality parameter degrees of freedom
T=3 - =5 (%) r=2
full collapsing Tfe = %2 (ﬁ e =1
) o6 2
T=4 - r=s (4(3+¢ Jotorou sy ) r=5
curtailing (¢ = 1) =K (1 + ﬁ) r=4
. w2 [ 2(8—4v+v?)n+16+8y+T7¢?
collapsing Te = 5 (1016 re =3
2

full collapsing Tfe = % ((‘;ﬁ% ) rie =1

first differences TA = %(1 — 7,[1)2 ra =1
S-differences AL, =K Ay, =1

2
Note: n = Z—g; k =6 and ¢ = 0 against an MA(1) alternative, kK = 2=

T+p

and ¥ = p against an

AR(1) alternative.

variance ratios n = o2 /o2.
3.1 Three-wave panel
While our main focus is on moderately small 7', it is instructive to consider the case of very small

T first. When T = 3, there are two moments with the following expectation under the stationary

alternatives:

uin Augg

N

El¢]=E

= RO
ui3 Ao 1

with x = 6 for the moving-average case, and k = p/(1 + p) for the autoregressive case. Other alter-
natives, such as second-order moving-average or autoregressive processes, lead to the same expression
by amending « accordingly.

Clearly, not every linear combination yields a useful test statistic. Simply adding up both restric-
tions with R = (1, 1) yields a test with no power against either alternative, because E[R(;] = 0 for
all values of k. In contrast, the noncentrality parameter is maximized by R = (—1,1) (up to sign and
scale), which corresponds to our fully collapsed test. It turns out that the resulting noncentrality pa-
rameter is identical to the one without dimensionality reduction. However, for the same noncentrality
parameter, a test with 1 degree of freedom is uniformly more powerful than one with 2 degrees of
freedom.

The theoretical power improvements from linearly combining the two moment restrictions are
demonstrated in Figure 1 for n = 0 (no group-specific effects) and n = 4. Local power is computed
for a cross-sectional sample size of NV = 100. The solid line depicts the test with 2 degrees of freedom,
while the dashed line shows the power of the fully collapsed test. The other discussed options for
dimensionality reduction are not applicable for 7' = 3. The power profiles against a moving-average

alternative are symmetric, while they are asymmetric against the autoregressive alternative. In the
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(c) MA(1) alternative, n =4 (d) AR(1) alternative, n =4

Figure 1: Theoretical power calculations for T' = 3 against stationary alternatives: portmanteau test
(solid line), full collapsing (dashes)

latter case, the power improvements from full collapsing are more pronounced for positive values of
p. A larger variance ratio 7 is always power reducing, which is obvious from the effect of n on the
noncentrality parameter — and intuitive because more noise from «; blurs the signal coming from €.

It needs to be noted that the fully collapsed test is generally no longer uniformly more powerful
under deviations from stationarity. Exemplarily, we illustrate this for scenarios with increasing vari-
ance over time, Uit = t/2, or decreasing variance over time, o*,at = 2—1t/2. We restrict our attention to
02 = 4, but note that a smaller variance of the group-specific effects tends to benefit the fully collapsed
test more. The initial observations under the AR(1) alternative are set to £;0 = 0. The implications
are shown in Figure 2. The test with two degrees of freedom has a particular advantage against highly
persistent autoregressive alternatives. The irregular shape of the power curves for positive values of
p in the decreasing-variance scenario is a consequence of the chosen initialization. It is difficult to
generalize these results because they depend on the specific assumptions regarding the deviations from

stationarity.
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(c) MA(1) alternative, decreasing variance (d) AR(1) alternative, decreasing variance

Figure 2: Theoretical power calculations for "= 3 under heteroskedasticity: portmanteau test (solid
line), full collapsing (dashes)

3.2 Four-wave panel

When T = 4, there are five moments with the following expectation under the stationary MA(1) or

AR(1) alternatives:

| w1 Az ] -1
ui1Augy -
ElG) =B | | upAuy || =rop | -1 |,
ui3 Ao 1
| \wisAugz) | 1

with k = 6 and ¢ = 0 for the moving-average case, and k = p/(1+ p) and ¢ = p for the autoregressive
case.

It is interesting to note that unlike the 7' = 3 case, the Jochmans (2020b) test with all moment
restrictions now retains power even as 7 — oo, since lim, oo 7 = k2(3 4+ ¥?)/3 > 0. Intuitively, while
some power is lost, it does not vanish completely because moment restrictions in first differences or S-

differences, free of ay, can be formed from suitable linear combinations of the moments. For example,
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(c) MA(1) alternative, n =4 (d) AR(1) alternative, n =4

Figure 3: Theoretical power calculations for T' = 4 against stationary alternatives: portmanteau
test (solid line), curtailing (long dashes and dots), collapsing (short dashes and dots), full collapsing
(dashes), first differences with curtailing and collapsing (very long dashes), S-differences with curtailing
and collapsing (very long dashes and short dashes)

combining the second and third moment results in the Arellano and Bond (1991) test. The latter is
nevertheless dominated by the Jochmans test even after taking the degrees-of-freedom reduction into
account.

For the collapsed test, lim,,_, 7. = 0. The reason for this is that the collapsed moment restrictions
can no longer be combined into differenced moment restrictions. The latter is still possible for the
curtailed test, which just discards the second moment restriction. A linear combination of the first
and last moment yields E[(u;4 — ui1)Au;s], which again is free of the group-specific effects. While this
S-differencing test is not the most powerful one when 1 = 0, the balance already shifts in its favor
for relatively small variance ratios. Importantly, this test does not lose power against autoregressive
alternatives when p approaches 1, unlike tests based on first differences. The fully collapsed test, which
was strictly preferred for T' = 3 against stationary alternatives, still dominates the other variants for
1n = 0 but quickly loses power with increasing variance ratio.

Figure 3 summarizes these observations graphically. The solid and dashed lines correspond again to

the portmanteau test and the fully collapsed test, respectively. The longdashed-dotted line represents
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(c) MA(1) alternative, decreasing variance (d) AR(1) alternative, decreasing variance

Figure 4: Theoretical power calculations for "= 4 under heteroskedasticity: portmanteau test (solid
line), curtailing (long dashes and dots), collapsing (short dashes and dots), full collapsing (dashes),
first differences with curtailing and collapsing (very long dashes), S-differences with curtailing and
collapsing (very long dashes and short dashes)

the curtailed test, the shortdashed-dotted line the collapsed test, and the very-long-dashed line the
Arellano-Bond test. Finally, the line alternating between very long dashes and short dashes refers to
the S-differenced test.

The effects of heteroskedasticity are not as pronounced anymore as in the three-wave case. We
consider again scenarios with increasing variance over time, ait = t/2 — 1/4, or decreasing variance
over time, 0, = 9/4—t/2. As with T = 3, 02 = 4 and €49 = 0. The power profiles are shown in Figure
4. Under an increasing variance, it is the fully collapsed test which suffers the most. The other tests
are only mildly affected. Under a decreasing variance, some of the tests no longer have monotonically
increasing power functions for positive serial correlation under the AR(1) alternative, which is again

primarily driven by the initialization ;0 = 0. As before, it is difficult to draw general conclusions.
3.3 Moderately small T

For larger T, analytical expressions of the noncentrality parameters become increasingly complex

without additional insights. We thus focus on numerically obtained power profiles. Figure 5 shows
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(c) MA(1) alternative, n =4 (d) AR(1) alternative, n =4

Figure 5: Theoretical power calculations for 7' = 10 against stationary alternatives: portmanteau
test (solid line), curtailing (long dashes and dots), collapsing (short dashes and dots), full collapsing
(dashes), first differences with collapsing (triple long and triple short dashes), first differences with
curtailing and collapsing (very long dashes), S-differences with curtailing and collapsing (very long
dashes and short dashes)

the theoretical power for the same moment reduction techniques as before for 7' = 10. Additionally,
the Yamagata (2008) collapsed first-difference test is included here, presented with alternating triple
long and triple short dashes. The graphs generally tell a similar story as for 7' = 4. The differences
between the various test versions are now less pronounced because more time periods generally improve
the detectability of serial correlation. Like the Arellano and Bond (1991) test, the power of the
Yamagata (2008) test eventually drops towards zero for alternatives close to a random walk, but it
shows satisfactory power for most other parameter values. An important observation can be made
about the Jochmans (2020b) test without moment reduction (solid line): With increasing 7', it loses
power relative to most of the tests that are more conservative in their use of the degrees of freedom.
The results are again supportive of our new S-differencing approach, especially for higher variance
ratios. Note that we have combined S-differencing with collapsing and curtailing (¢ = 1) in this
analysis, thus yielding a test with 1 degree of freedom. S-differencing on its own, without further

moment reductions, results in slightly lower power (not shown in Figure 5), although still favorable
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compared to most competitors.

4 Estimator inconsistency under the alternative hypothesis

We now turn our attention to a setting where the coefficients 3 are estimated in a first step. While the
estimator B is assumed to satisfy Assumption 3 with F[w;] = 0 under the null hypothesis, it might
be asymptotically biased under the alternative hypothesis. This is typically the case in dynamic
panel models. For instance, GMM estimators (Arellano and Bond, 1991; Arellano and Bover, 1995;
Blundell and Bond, 1998, among others) utilize internal instruments formed from lags of endogenous
and predetermined regressors. These instruments become invalid under serially correlated errors.
As a consequence, serial-correlation tests based on inconsistently estimated residuals can become
inapplicable (Jung, 2005).

~ ~

Recall that the noncentrality parameter is 48,3, 157« under local alternatives E[€,] = &/v/N.

Asymptotic bias of B is reflected in Flw;] = w(d,)/V' N, which can have nontrivial power implications.

Equation (12) implies

- 1 / .
VNE[g;] = 6, + T1w(d,) + N (I @ w(d,)") Tow(d,) + o <\/]V> ,

such that limy_ye0 \/]VE[EZ] =48, +Tw(d,) = &,. While the third term on the right side is asymptot-
ically negligible, it helps to improve the approximation of the finite-sample power profiles. Moreover,
this second-order effect on the noncentrality parameter can play a substantial role under fixed alter-
natives rather than local alternatives, as in the Monte Carlo simulations of the next section.
Exemplarily, let us consider the simple stationary AR(1) panel data model, x;: = y;;—1, and the

Anderson and Hsiao (1981) just-identified IV estimator

N T
Zizl thg yi,tszyit
N T )
Zi:l thz Yit—2AYi -1

B= (25)
with y; 12 as an instrument for the lagged dependent variable in the first-differenced regression model.
In Appendix E, we obtain analytical expressions for E|[(;|, Flw;], I'1, and 'y (for the case R =1I,.).

When the errors g;; follow an MA(1) process, we find that T'1 E[w;] = —E[{;,] and 'y = 0if § = —f.
The effect of the bias in the estimation of § on the noncentrality parameter exactly offsets the signal
from the violation of the moment restrictions. This is intuitive because the data-generating process
(DGP) in this case is observationally equivalent to

8%

Yit = m + Vi,
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Figure 6: Theoretical power calculations for an MA(1) alternative with 7" = 3 under estimator incon-
sistency: portmanteau test (solid line), full collapsing (dashes)

where v is serially uncorrelated. The estimator consistently estimates the pseudo-true value of the
lagged dependent variable’s coefficient 5* = 0 under this static representation of the DGP. This result
holds for any T'.

When T = 3, it turns out that I'y Fw;] = —F|[¢;] also if 5 = 0. That is, a first-order expansion of El
would suggest that the test cannot detect the serial correlation when y;; follows a simple MA (1) process.
However, the asymptotically negligible second-order term indicates that the test remains informative
in finite samples or against fixed alternatives, because I's is now nonzero. These observations are
highlighted in Figure 6, where we illustrate the power under a variance ratio n = 1 for two different
sample sizes, N € {100,10000}. Panels (a) and (d) demonstrate the almost flat power curves when
the true DGP is static instead of dynamic (5 = 0). The minimal increase in power as § — 1 is a result

~

of the second-order term in the expansion of F[(;], which does not improve with increasing sample
size. Importantly, under fixed alternatives — when the second-order term is not scaled down by N—1/2
— these tests can show substantial power in this region. For 5 # 0, we can clearly see the power loss
when 6 — —(3. The power dip is much more pronounced for large N. For small sample sizes, the
power can still be virtually flat at the nominal size for a wide range of alternatives as a consequence of
the estimation error in B . It is also worth noting that there is hardly any gain from linearly combining
the two moments in this scenario.

When T' > 4, the “uninformative” elements of E[(;] — such as Efu;;Au;s] — lend power to the

test, even under first-order asymptotics. While they are zero both under the null and the alternative

hypothesis, the corresponding element of I'y E[w;] is nonzero due to the asymptotic bias of the estimator
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Figure 7: Theoretical power calculations for an MA(1) alternative with 7 = 4 under estimator in-
consistency: portmanteau test (solid line), curtailing (long dashes and dots), collapsing (short dashes
and dots), full collapsing (dashes), first differences with curtailing and collapsing (very long dashes),
S-differences with curtailing and collapsing (very long dashes and short dashes)

E . This is particularly relevant when 8 = 0, in which case the “informative” moments provide virtually
no power. As a logical consequence, the better performing variants of the test are those which put a
large weight on the “uninformative” moments, while the picture is unchanged compared to T = 3 for
those which do not make use of them. This is demonstrated in Figure 7.

For 8 # 0, the insights are similar to T' = 3, although there is now more variation between the
different versions of the test. When 5 = 0.5, it is remarkable that the highest power is achieved by the
Arellano and Bond (1991) test, which had a tendency to perform worst when not accounting for the
estimator inconsistency. There is still no power against § = —f3 due to the earlier equivalence result.

The results in this section are specific to the chosen DGP and estimator 3 . Including exogenous
regressors in the model can already break the above implications. We analyze such models by means
of Monte Carlo simulations in the next section. Nevertheless, the above results show that estimator
inconsistency under the alternative hypothesis can have serious adverse effects on the power of serial-

correlation tests.

5 Monte Carlo simulations

The asymptotic approximation of the test statistic’s distribution used for the theoretical power com-
parison can be quite inaccurate when N is relatively small. We therefore resort to Monte Carlo

simulations for a better understanding of the finite-sample properties of the various tests.
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5.1 Static model

We first consider the following static DGP:
Yit = Brit + o + it (26)

where z;; and «; are independently standard-normally distributed, and e;; either follows an MA(1) or
AR(1) process as in equations (23) and (24), respectively. For both alternatives, we consider two sce-
narios. In the baseline case, the innovations v;; are independently normally distributed with mean zero
and constant variance o2, and the initial observations are drawn from the stationary distribution. In
the second case, we introduce time series heteroskedasticity of the form o2, = [tanh(2t/T)/ tanh(2)]oZ,
which implies nonstationary initial observations ;0 = v;0 = 0 and an increasing variance over time.
To keep the variance ratio Var(«;)/Var(e;) constant at 1 in the homoskedastic case —and as t — T in
the heteroskedastic case — while varying the degree of serial correlation, we set o2 = 1/(1 + 6?) under
the MA(1) alternative and o2 = (1 — p?) under the AR(1) alternative. This also ensures a constant
signal-to-noise ratio for the estimation of 5. Across simulations, we hold N = 100 fixed while varying
T € [3,15]. For each simulation, we perform 10,000 replications.

We set 8 = 1 and compute the same tests as in the previous sections, but this time using the
residuals U = yir — Bxit, where B is the conventional within-groups (“fixed-effects”) estimator. The
results are shown in Figures 8 and 9.' It is apparent that the portmanteau test with all moment
restrictions reaches maximum power around 7' = 7 and then quickly loses power for higher T'. It also
becomes undersized. Among the newly proposed tests, the S-differencing test tends to outperform all
other tests both in the stationary and the heteroskedastic case. Most of the tests are largely unaffected
by the heteroskedasticity. The only exception is the fully-collapsed test, which noticeably loses power.
The Arellano-Bond test, on the other side, performs slightly better under heteroskedasticity when T is
very small. Moreover, it is particularly striking for this test that the power curves are not symmetric

under the MA(1) alternative.
5.2 Dynamic model

To investigate the power implications of using an initial estimator that becomes inconsistent under

the alternative hypothesis, we consider a dynamic DGP:

Yit = NYit—1 + Bri + w(o; + €it). (27)

14VWe generally find that the y?-approximation of the asymptotic distribution slightly outperforms the standard-normal
approximation obtained under many-moments asymptotics. We therefore only report results obtained with critical values
from the x2-distribution.
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(e) MA(1) alternative, § = —0.2 (f) AR(1) alternative, p = 0.2

Figure 8: Simulated power against stationary alternatives: portmanteau test (solid line), curtailing
(long dashes and dots), collapsing (short dashes and dots), full collapsing (dashes), first differences
with collapsing (triple long and triple short dashes), first differences with curtailing and collapsing
(very long dashes), S-differences with curtailing and collapsing (very long dashes and short dashes)

Zit, o , and vy are distributed as in the static case. We set 8 = w = v/1 — A2 and draw the initial

observations y;o from the stationary distribution, conditional on the realizations of a;:

1+ A
1-A

Yio = Tio + a; + €50.

We consider A € {0,0.5} and restrict ourselves to the homoskedastic case. The residuals are
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3 4 5 6 7 8 9 10 11 12 13 14 15 3 4 5 6 7 8 9 10 11 12 13 14 15
(e) MA(1) alternative, = —0.2 (f) AR(1) alternative, p = 0.2

Figure 9: Simulated power against nonstationary alternatives: portmanteau test (solid line), curtailing
(long dashes and dots), collapsing (short dashes and dots), full collapsing (dashes), first differences
with collapsing (triple long and triple short dashes), first differences with curtailing and collapsing
(very long dashes), S-differences with curtailing and collapsing (very long dashes and short dashes)

computed from three different method-of-moments estimators, exploiting some or all of the following
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(c) MA(1) alternative, T =4, A= 0.5 (d) AR(1) alternative, T'=4, A = 0.5

3 4 5 6 7 8 9 10 11 12 13 14 15 3 4 5 6 7 8 9 10 11 12 13 14 15
T T
(e) MA(1) alternative, A = 0.5, § = —0.2 (f) AR(1) alternative, A = 0.5, p = 0.2

Figure 10: Simulated power with inconsistent initial estimator: portmanteau test (solid line), curtailing
(long dashes and dots), collapsing (short dashes and dots), full collapsing (dashes), first differences
with collapsing (triple long and triple short dashes), first differences with curtailing and collapsing
(very long dashes), S-differences with curtailing and collapsing (very long dashes and short dashes)

moment conditions:

. i

E Zyi,tﬁAuit =0, (28)
t=3 i
T :

E Z xip—1Aui | =0, (29)
=3 i
- :

E | zuluy| =0, (30)
t—2 i
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(e) MA(1) alternative, A = 0.5, § = —0.2 (f) AR(1) alternative, A = 0.5, p = 0.2

Figure 11: Simulated power with consistent initial estimator: portmanteau test (solid line), curtailing
(long dashes and dots), collapsing (short dashes and dots), full collapsing (dashes), first differences
with collapsing (triple long and triple short dashes), first differences with curtailing and collapsing
(very long dashes), S-differences with curtailing and collapsing (very long dashes and short dashes)

where Auy = uy — (T — 1)t 2;[22 u;s. The first estimator combines the Anderson and Hsiao (1981)
instrument for the first-differenced lagged dependent variable, implied by equation (28), with the fixed-
effects moment condition for the exogenous regressor, equation (30). Under the alternative hypothesis,
the first moment condition is violated and the estimator becomes inconsistent. Jung (2005) proposed
to solve this problem by replacing invalid instruments with lags of the exogenous variables. We thus

consider a second estimator that replaces moment condition (28) by (29), which remains consistent
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(e) MA(1) alternative, A = 0.5, § = —0.2 (f) AR(1) alternative, A = 0.5, p = 0.2

Figure 12: Simulated power with overidentified initial estimator: portmanteau test (solid line), curtail-
ing (long dashes and dots), collapsing (short dashes and dots), full collapsing (dashes), first differences
with collapsing (triple long and triple short dashes), first differences with curtailing and collapsing
(very long dashes), S-differences with curtailing and collapsing (very long dashes and short dashes)

due to the strict exogeneity of x;;. As a third option, we look at a two-step GMM estimator utilizing
all three moments together. As there are three instruments — two of them always valid — for two
coefficients, we can then include the Hansen (1982) overidentification test in our comparison.

An informative selection of the results is shown in Figures 10 and 11. Compared to the static model,
the power of the tests is notably lower. The widely used Arellano-Bond test suffers particularly when

the initial estimator is inconsistent under the MA(1) alternative with negative values of 6, although
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none of the tests achieves satisfactory power in this range for small values of T. On the whole,
our S-differencing test tends to perform best against most alternatives, and its advantage becomes
stronger with increasing 7. In contrast, the power of the portmanteau test quickly approaches zero
as predicted.

Using a consistent — albeit inefficient — estimator vastly improves the picture. The tests regain
most of their power, although at the cost of small size distortions. The Arellano-Bond test still falls
behind. Those results clearly indicate that it is beneficial for testing purposes to use residuals from
an estimator that remains consistent under the alternative of serially correlated errors.

In the overidentified case, when using all three instruments, the GMM estimator is still inconsistent
under the alternative, but the additional valid instrument mitigates the consequences. Expectedly,
the power of the tests lies in between the two just-identified cases, as demonstrated in Figure 12. The
Hansen (1982) overidentification test — depicted by long dashes and small dots — performs remarkably
well. Against large negative values of 6, it is even the most powerful of the considered tests, narrowly

beating the S-differencing test. However, it suffers under large positive values of p.

6 Empirical application

For an empirical illustration, we revisit the seminal paper by Arellano and Bond (1991), who estimate
dynamic employment equations with a panel of 140 U.K. companies over the time period 1976-1984.

5 The dependent variable n; is the

The data set is unbalanced, although without interior gaps.!
natural logarithm of employment. Predictors are the logarithms of the real product wage, w;;, and
gross capital, k;;. Additionally, the log of industry output, ys;, and a set of time dummies are included

to capture industry-level and aggregate shocks. We re-estimate the same dynamic specifications as in

columns (al) and (a2) of their Table 4:'6

nit = MNig—1 + Xan o + Xy + 7 + i + €t (31)

where x;; = (wit,wi,t_l,kit,kiﬁt_l,k:z-,t_g,ysit,ysi7t_1,ysi7t_2)’ are assumed to be strictly exogenous
with respect to &;.

The coefficients are estimated with a GMM estimator for the model in first differences, which

15Without gaps, there is no obvious advantage of transforming the moments into deviations from forward and backward
means, as in equation (10).

SFor the specification in column (b) of Table 4 in Arellano and Bond (1991), we can obtain similar qualitative
conclusions. For the sake of brevity, we do not report those results here.
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removes the incidental parameters «;, utilizing the following moment conditions:

Elnis sAey] =0, 4<t<T, 2<s<t-—1, (32)
T

E Z Ax;Aey | = 0. (33)
t=4

The estimates are reported for a one-step estimator that would be efficient under homoskedastic
and serially uncorrelated idiosyncratic errors, column (al), and a two-step estimator with a robust
weighting matrix clustered at the company level, column (a2). For all specifications, we compute
misspecification-robust (doubly-corrected) standard errors (Hwang et al., 2022) that are clustered at
the company level.

Our main focus is on testing the null hypothesis that the idiosyncratic error component &;; is serially
uncorrelated. Importantly, if this assumption is violated, the GMM estimator becomes inconsistent
because n;:—2 would be correlated with the first-differenced error term. Higher-order lags of the
dependent variable might remain valid instruments if the serial correlation in €; is confined to first
order.!” Besides their own serial-correlation test, Arellano and Bond (1991) consider the Sargan (1958)
or Hansen (1982) overidentification tests, which are expected to pick up a violation of some of the
moment conditions (32) as long as at least two of those moments remain valid under the alternative
hypothesis. This rules out arbitrary higher-order serial correlation, in which case all of the moment
conditions (32) would be violated;'® the remaining valid conditions (33) on their own are insufficient
to identify all coefficients.

Overidentification tests can indicate model misspecification in a variety of directions, not limited
to serial correlation. Moreover, given the relatively large number of overidentifying restrictions, if
only a few of them are violated, this might not create a strong enough signal to push the test statistic
beyond the threshold. For these reasons, Arellano and Bond (1991) also compute an incremental
overidentification test in the spirit of Eichenbaum et al. (1988), which can be obtained as the dif-
ference of the overidentification test statistics for the unrestricted model and a restricted model, in
which the suspicious instruments n; ;o (for all t) are left out. A rejection of this test then provides
specific statistical evidence against the validity of this particular group of instruments. Here, we re-
port a modified version of this test, in which the respective partition of the weighting matrix from
the unrestricted model — leaving out the columns and rows associated with the instruments under

investigation — is used to compute the test statistic for the restricted model. This has the benefit of

!"Blundell and Bond (2000) present a framework in which autoregressive productivity shocks and measurement error
in a Cobb-Douglas production function imply a dynamic model representation with MA(1) idiosyncratic errors.
8Note that autoregressive alternatives imply higher-order serial correlation by construction.
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guaranteeing that the difference of the test statistics is nonnegative in finite samples (Newey, 1985).

Furthermore, Arellano and Bond (1991) compute a Hausman (1978) test contrasting the esti-
mates of \; obtained from the unrestricted and the restricted estimator. Under first-order (but not
higher-order) serial error correlation, the restricted estimator remains consistent, while the unrestricted
estimator is more efficient under the null hypothesis. Here, we compute a generalized version of this
test with a robust estimator of the covariance matrix that does not require one of the estimators to
be fully efficient (White, 1982). We also add a Hausman-type test contrasting jointly the estimates of
A1 and As. One could also include the coefficients B in this contrast, but we might expect them to be
less affected and thus to provide a less powerful signal for the test.

From the serial-correlation tests discussed in this paper, we include the Jochmans (2020b) port-
manteau test, the test entirely in first differences, and our S-differencing test. For each of them, we
consider a collapsed version and a version combining collapsing with curtailing (¢ = 1). For the first-
differenced test, these versions resemble the Yamagata (2008) and Arellano and Bond (1991) tests,
respectively.

We present the results in Table 2. In addition to the “efficient” estimates using all instruments,
we present the “consistent” estimates (under first-order serial correlation) obtained by leaving out the
instruments 7n; ;2. The latter form the basis for the comparison in the incremental overidentification
test and the Hausman tests. Moreover, as argued earlier, serial-correlation tests might have low power
when based on the efficient but possibly inconsistent estimator.

First of all, we are able to replicate the coefficient estimates reported by Arellano and Bond (1991)
— with few negligible deviations at the third decimal place that can be easily explained by different
levels of computational precision. Notably, the misspecification-robust standard errors with the Hwang
et al. (2022) correction are substantially larger than the uncorrected ones reported by Arellano and
Bond (1991). For the two-step estimator, most of this discrepancy can be explained by the finite-
sample bias in the computation of the variance due to neglecting the additional variation from the
initial estimates (Windmeijer, 2005).

The Sargan (1958) overidentification test strongly rejects the null hypothesis of correct model
specification for the efficient one-step estimator. When applied to the consistent estimator under
the alternative hypothesis of at most first-order serial correlation, the test no longer rejects. As a
consequence of the significant difference in these two tests, the incremental overidentification test also
suggests rejection of the null hypothesis. In contrast, the Hausman test provides a less clear indication
with a p-value of 0.09 when contrasting only the first coefficient. When both coefficients of the lagged

dependent variables are included in the comparison, the signal becomes stronger.
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Table 2: Estimation of employment equations

Nt (al) efficient (al) consistent (a2) efficient (a2) consistent
Nit1 0.686 (0.309) 0.986 (0.191) 0.629 (0.331) 0.878 (0.265)
Nijt—2 -0.085 (0.074) 0.238 (0.181) -0.065 (0.048) 0.381 (0.167)
wit -0.608 (0.172) -0.683 (0.220) -0.526 (0.166) -0.639 (0.224)
Wi i1 0.393 (0.226) 0.524 (0.258) 0.311 (0.257) 0.389 (0.240)
kit 0.357 (0.062) 0.317 (0.066) 0.278 (0.064) 0.254 (0.057)
ki1 -0.058 (0.109) -0.174 (0.096) 0.014 (0.109) -0.093 (0.102)
ki t—2 -0.020 (0.048) -0.181 (0.065) -0.040 (0.066) -0.217 (0.065)
Ysit 0.609 (0.185) 0.658 (0.202) 0.592 (0.160) 0.605 (0.200)
YSit—1 -0.711 (0.283) -0.878 (0.354) -0.566 (0.313) -0.713 (0.342)
YSit—2 0.106 (0.144) 0.060 (0.205) 0.101 (0.158) 0.026 (0.216)
Sargan/Hansen | X35 = 67.6 [0.000] | xio = 24.6 [0.175] | x35 = 31.4 [0.177] | X3y = 16.0 [0.655]

incremental X& = 33.5 [0.000] Xé = 13.9 [0.031]

Hausman n;¢—1 | X1 = 2.83 [0.093) X1 = 1.56 [0.209]

+ N2 X3 = 8.36 [0.015) X3 = 9.88 [0.007]
portmanteau X30 = 16.3 [0.701] | X3, = 21.6 [0.362] | x30 = 21.3 [0.380] | x30 = 27.0 [0.135]
+ collapsing xe =1.9810.921] | x3 =4.29[0.637] | x5 =3.38[0.760] | x&=5.21[0.518]
+ curtailing X3 =1.611[0.447) | x3=2.52[0.284] | x3=2.71[0.259] | x3=3.92[0.141]
first differencing | x3o = 5.21 [0.877] | xTo = 18.5 [0.047] | X3, = 12.8 [0.237] | xio = 17.7 [0.061]
+ collapsing X3 =0.73[0.948] | x3=16.4[0.002] | x3 =0.58 [0.966] | x3=16.5 [0.002]
+ curtailing xi=0.20[0.652] | xi =9.85[0.002] | x3 =0.18 [0.669] | xI=11.3[0.001]
S-differencing 3o = 24.9 [0.006] | x30 = 30.6 [0.001] | x30 = 28.6 [0.001] | x3o = 37.8 [0.000]
+ collapsing X3 =17.310.002] | x3=19.9[0.001] | x3=18.8[0.001] | x3 = 26.8 [0.000]
+ curtailing X1 =8.16 [0.004] | xi =10.9[0.001] | xi =10.2 [0.001] | xI = 11.5[0.001]

() The regression specifications correspond to those with the same column titles, (al) and (a2), in Table
4 of Arellano and Bond (1991). All regressions include time dummies.
() The coefficients are estimated by a GMM estimator for the first-differenced regression model. The
(al) columns are one-step estimates, while the (a2) columns are two-step estimates. The one-step
weighting matrix is optimal under homoskedastic and serially uncorrelated idiosyncratic errors.
(i) The instruments for the efficient estimator under the null hypothesis are specified in note (vi) of
Table 4 in Arellano and Bond (1991). For the consistent estimator under the alternative hypothesis of

first-order serially correlated errors, the instruments n;:—2 (for all ¢) are left out.

(i) Standard errors in parentheses are cluster-robust at the company level, computed with the
misspecification-robust variance formula of Hwang et al. (2022).
(") The first set of reported specification tests are the Sargan (1958) and Hansen (1982) overidenti-
fication test, an incremental overidentification test proposed by Eichenbaum et al. (1988), and two
generalized Hausman (1978) tests for the coefficients of n; +—1 only and (n;,¢—1,n4,¢—2) jointly. p-values

are in brackets.

™) The second set of specification tests are the portmanteau test of Jochmans (2020b), a collapsed
version of it, and a collapsed and curtailed (¢ = 1) version.
() The third set of specification tests are tests based entirely on first differences. The collapsed version
is the Yamagata (2008) test, and the collapsed and curtailed (¢ = 1) version is the x? analogue of the
Arellano and Bond (1991) test.
(i) The final set of tests are our S-differencing test, a collapsed version of it, and a collapsed and
curtailed (¢ = 1) version.

mixed overall picture.

32

When heteroskedasticity causes the one-step estimator to be inefficient, the respective overidenti-
fication tests become asymptotically invalid. With the two-step estimator, which regains asymptotic
efficiency, the Hansen (1982) overidentification test no longer rejects the null hypothesis even with the
efficient set of instruments. The same applies to the Hausman test for the first coefficient. The incre-

mental overidentification test and the extended Hausman test still tend to reject the null, providing a

The portmanteau test, including its collapsed and curtailed versions, never rejects the null hy-

pothesis in this example. The first-differencing tests also do not reject when they are based on the



efficient estimators. However, they tend to reject once the residuals are taken from the respective
estimator that remains consistent under first-order serially correlated errors. This would be in line
with the earlier discussion that these tests tend to suffer from severe power losses when the estimator
is inconsistent under the alternative, and it highlights the potential benefits from basing the test on
an estimator that remains consistent under the alternative. For the portmanteau test, we also see a
reduction in p-values under the consistent estimation, but it is not strong enough to trigger a rejection
at conventional significance levels. With a maximum of 20 degrees of freedom, this is less likely a
consequence of moment proliferation, but could be explained by the test’s power deterioration under
high variances of the company-specific error component, which would be reasonable in an application
like this. Indeed, based on the consistent one-step or two-step residuals we can obtain estimates of
the error components’ variance ratio of 7 = 6.82 or 7 = 7.88, respectively.

In line with our earlier analysis that showed superior power of our S-differencing test under many
alternatives, it strongly rejects the null hypothesis throughout all specifications, with and without
collapsing or curtailing. Taken at face value, the results imply that the estimators employed by
Arellano and Bond (1991) are inconsistent. Since the S-differencing test still rejects the null hypothesis
after leaving out the instrument n;;_o, even those estimators would be inconsistent — contrary to the
column labels in Table 2 — suggesting the presence of higher-order serial correlation. However, the
estimator without instruments n;;_o is expected to be less biased than the original estimator, and
therefore the tests should retain more power. Another remedy could be to substitute the lags of the
dependent variable by further lags of the exogenous variables as instruments, as in our Monte Carlo
simulations, although this comes with the caveat that those instruments could potentially be relatively

weak.

7 Conclusions

Recently, Jochmans (2020b) proposed a portmanteau test against arbitrary serial correlation in the
idiosyncratic error component of linear panel models. Compared to earlier tests, especially the popular
Arellano and Bond (1991) test, it convinces with substantial power gains when T is (very) small.
However, due to the rapid moment proliferation, this test can quickly lose its power advantage already
for moderately small T, or even become degenerate. To restrain the number of moment restrictions,
we borrow strategies that are widely used to address a similar problem of instrument proliferation in
dynamic panel models: curtailing and collapsing.

Another shortcoming of the portmanteau test is its lack of invariance to high variances of the

group-specific error component. While tests for serial correlation in the first-differenced errors avoid
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this issue, they have no power against a random-walk alternative. We propose a new test based
on S-differencing — long differences encompassing first differences — that remains invariant to high
variances of the group-specific error component and does not suffer from a power loss under highly
autocorrelated alternatives. We demonstrate with power calculations and Monte Carlo simulations
that the power gains from our new test can be substantial. In a real-world example, we reach different
conclusions from applying the S-differencing test compared to existing tests.

Furthermore, we uncover a potentially serious deterioration in all of the tests’ power when the
residuals are computed from an estimator that is inconsistent under the alternative hypothesis. In
extreme cases, the impact of the estimator’s asymptotic bias on the tests’ noncentrality parameter
can fully offset the signal from a violation of the moment restrictions, leading to a complete loss of
power. To circumvent this problem, we suggest for testing purposes to use an estimator that remains

consistent — albeit possibly inefficient — under reasonable alternatives.
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Appendix A Orthogonal deviations

In Section 2.2, we noted that we can replace H; LA; by alternative moment functions H; LAU; that
can be obtained as linear combinations of the initial moment functions. This follows from the fact
that the set of initial moment functions ¢; is exhaustive. In particular, we can choose ﬂ; L= H; LKy
in equation (9), provided that K is lower triangular and of full rank. We can then use these new

moment functions to analogously form further linear combinations. In particular,
wirKy Aty = Ry g H,_Aw; + H], K Aiy, (34)

36



with an appropriate choice of Ry (k). When Ky = Iy, we obtain as a special case
wirAll; = RyqH)_Aw; + Hj, At
Premultiplying the latter with the same lower-triangular matrix K as in equation (34) yields
uirK Aty = Ky Ry H)_ A, + KL H, Ay, (35)
Combining equations (34) and (35),
K. H| Ail; = (Rix,) — KiRyq) H_Aw; + H, K, Ail;.

Therefore, K, and H; . are interchangeable in the construction of the forward-looking moment func-
tions; i.e., applying the transformation K to H; At yields an equivalent test statistic as applying

the same transformation directly to Ay.

Appendix B Proofs

B.1 Proof of Proposition 1

Proof. With a law of large numbers, we can establish N ! Zf\i 1Dj; EN I'; for j = 1,2. From Assump-
tion 3 and the exact expansion (11) of &;, equation (12) follows. With N—1/2 SN & =8, +0,(VN)
and N~} Zf\il w; = w(8,)+0,(V'N) under the sequence of local alternatives (and 8, = w(d,) = 0 un-
der the null hypothesis), equation (13) implies N~1/2 Efil € = 8, +T1w(d,)+0,(VN) = 8,+0,(vV/N).
Then, with Zf\il(éi + Thw;) (& + Tiw;) 2 3, the central limit theorem and Slutsky’s theorem

yield
1 Y 1 ~ 4 _ 1.
(Ngg +Tw;) (& +r1wz)> NZgi%N(zrzgr,L).

Consequently, z'z LS X2 (r, 5;2;1&), with 8, = &, = 0 under the null hypothesis. As shown by

Jochmans (2020b) in the proof of his Theorem 2,

2

~

N
1N .
v 2 (& + T (€ + INTAN Z & +Tiwi)(& + Tiwy) 50,
=1 =1

such that Sy — z'z = 0,(1). O

37



B.2 Proof of Proposition 2

Proof. Define Z = (&1,&9,...,€N)', S = Z(Z'Z)” Z', and let ¢y be an N x 1 vector of ones, such
that sy = ¢/yStny. Consider the singular value decomposition Z = U;DU}, where U is the N x N
orthogonal eigenvector matrix of S, and Us is the r X r orthogonal eigenvector matrix of Z’'Z. Given
r > N, D is an N x r rectangular diagonal matrix with singular values dy,ds,...,dny of Z on the
diagonal. All singular values are nonzero (with probability 1) due to the maximum-rank assumption
rk(Z'Z) = rk(Z) = N.

With U,U, = I,,, we can write the test statistic as

SN = LiNUlDUIQ (UQD/DUlz)i UQD/Ulle = LINUlD(D/D)_D/Ulll,N.

When r > N, D'D = diag(d3,d3,...,d3,0,...,0), with r — N eigenvalues of Z'Z equal to zero.
Consequently, the diagonal matrix of eigenvalues of the idempotent matrix S is D(D'D)~D’ = Iy.
Thus, with U, U} = Ly,

sy = tNU Uy = tyey = N.

B.3 Proof of Proposition 3

Throughout, || - || denotes the Euclidean norm for vectors and the Frobenius norm for matrices; i.e.,

for a vector v € R",

. 1/2
. 2
Ivll = Ezj 7
and for a matrix M € R"*",
roor 1/2
M| = M = M2 | = (r(MM)) 2
j=1k=1

Further, let [[M||2 = max)y|—; [|[Mvl]]; i.e., the induced matrix norm of the Euclidean vector norm.

In the arguments below, we make use of ||[M]|2 < ||M]| without explicitly referring to it.
B.3.1 Preliminary results

Lemma 1: Let A, be a rank r square matrix for which an estimator KT is available such that

rk(A,) = rk(A,), )

)

‘&—Ar

L= 0p(1), and [[A,]l, A, - A,

, = op(1). Then H;&_ A~

r = iy

0, ‘KT—AT
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Proof. The proof follows from Karabiyik et al. (2017, Theorem 1). O

Lemma 2: Under Assumptions 1-3, we have

N 3 N
) H\/liﬁ iz i ﬁ Yoim (& +Thwy) || =0y <T\/%)7
~ ~ ~ —~ /
(b) |7 20 (52‘ + Flwi) ('5@' + Flwi) — £ 3N (& +Thw)) (& + Tiw;) ' =0p (ﬁ)
Proof. The results directly follow from expansions of the sample objects at 3 as sketched in equations
(11) and (12). O
Lemma 3: sy =sy + O, (T) where

N ! N - 1
SN - ( Z £ +F1wz) ( Z E +F1wz E +F1wz)> <\/N Z(g +I‘1w2)> .

Proof. We start by sy — sy = A1 + A + As, where

'ﬂ)

- N
A= (1%/2( i+ Twi) (& + Thow ) (1 Z £ +Tw;) £z+rlwz>>
’ i=1
Using Lemma 1 and Lemma 2, we obtain that the dominant term is Az = O, <\;—2ﬁ> This completes

the proof. O

Lemma 4: Let {z;}Y; be i.i.d. random vectors in R” with E[z;] = 0 and Var(z;) = Q.. Let the

following assumptions hold:
(i) tr(€2,) = r for every r;
(ii) there exists C' < oo such that E[(v'z;)*] < C(E[(v’zi)Q])2 for every unit vector v;

(ilif) r = r(N) — oo, tr (22) —r — 0, and — 0.

f

It then holds that

(a) Var (H\/lﬁ Zfil Z;

2) = 2tr (Q%) +0 (%),
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) KN, /2 (ATt e) = SN,

2
Proof. For part (a), we note that H\/% SN 7| = 2 > iz %i%i + SN | ||z|[>. The second term
has a variance of order O(r?/N). Further, since Cov (% D ity ZiZjs + Zf\il ||Zz||2) = 0, we just need

to work out the variance of the first term, which is straightforward to obtain:

2 4 N(N—1) N-1
Var N Zz'-zj =Nz 5 Var (zjz;) = 27N tr (922).

Therefore, Var (H \/iﬁ Zf\il Z;

For part (b), define 7, := 1/2tr(Q?) and let

2
> = 2tr (Q2) 4+ O(r?/N), as required.

N N
1 - 1
my ==z Q=2 lalh Q= fmy] - B[],
i=1 i=1
such that
1 _ tr(Q7) Qn — (Qn — E[QN])
Ty, = mnll2 — _ r) . .
vr = o (= Q) =1/ ;

By (iii) and Chebychev’s inequality using (ii), Qv — E[Qn] = 0p(+/7). Hence, since tr (Q2) /r — 1,

It thus suffices to prove Qn /7 4 N(0,1).
Let on(t) = E [eit Qn/ T’"]. By the classical smoothing inequality of Esseen (Petrov, 1995, Theorem

5.1), for any h > 0,

h _—t?)2
pn =sup [Pr(Qn /7 < x) — ®(x)| < S:/ (240 |t|€ | dt + %
T —h

where C' > 0 is an absolute constant. Below, we establish that the right-hand side of the latter tends

to 0 with a suitable choice h = hy — co. We therefore need to focus on the integral. Split the integral

42
/’W lon(t) — e /2] g+,
] ’

—hy

where

£ — e t°/2 £ — e—t2/2
11:/ [ont) — {dtandlzz/ e t®) e
[t|<en €

|t| N<[t|<hn |t|

and let ey — 0 and hy — oo. For Iy, note that under (i)-(iii) by part (a), Var(Qn) = 2tr (22) +
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olr)=724+o0 (T,,?), so Var(Qn/m) = 1+ o(1). The second moments converge, yielding the uniform

Taylor expansion
2

t
en(t)=1-— 5 +o(t?) ast— 0.

Thus | (t) — e‘t2/2‘ =0 (t?) on |t| < enx whenever ey — 0, and
I} <Ce% — 0.

Now we turn to I>. First, we express Qn as a martingale; i.e., we write

where E[Xl | 'Fi—l] =0 and ./T"i_l = U(Zl, ‘e ,Zi_1).

For each i let 02 | = E [(Xl /70)? |}}-,1}. Now expand the conditional characteristic function to

fourth order; i.e., for every fixed ¢ we have (with i? = —1)
t2 it)?
E [eltXZ/TT‘]:i—l] =l-goi.+ ( 6) p3,i-1 + Ri1 (t)

where p3;1 = E [(Xi/T,n)3|]-}_1} and R;_1 (t) < Ct4az4_1. Because X;/7, is a scalar multiple of a

one-dimensional projection of z; and by assumption (ii) we have, uniformly in 4,

E [(Xi/7)2|Fia] = 02, = O(1/N) and E [(Xi/7)"|Fi 1] = O (o-,) .

Taking logs, we hence obtain

itXi/T'p t2 2 (lt)g D

InE [6 |]:1'71] =50t it Ri—1 (1),

where again we clearly have R;_; (t) < Ct'o? ,. Noting that Zfil o2, =Var(Qn/m) =1+0(1),
we obtain, together with 3.~ o3 | = O (N—1/2) and SN ot =0 (N—1), that

_ o’
<

t2
2

Inpy (t) +

Therefore,

3
I, < %ln <hN> )
VN EN

Choosing ey = N~' and hy = NY7, we obtain A3, N~1/2 = O(N"/) — 0 and In(hyx/en) =
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O(InN), so Iy - 0. C/hny — 0 as well. Thus py — 0, and Qn/7r 4 N(0,1). This completes the

proof. O

Remark 1: A natural question is whether Assumption (ii) in Lemma 4 can be weakened or avoided

by perching the asymptotic analysis on the continuous mapping theorem applied to

1 N
my = 72% eR".
VNS

When the dimension r is fixed, this approach is valid as mpy converges in distribution to a multivariate
normal vector and the mapping = ~ ||x||? is continuous on R". When r = r(N) — oo, however, this
argument breaks down. The quadratic functional ||my | aggregates fluctuations across an increasing
number of directions, and finite-dimensional or direction-wise Gaussian approximations for my are
insufficient to control its distribution in growing dimension.

Expanding the quadratic form reveals the dominant component:

1 N 9 N i—1

2

Il = 5 D il + Y3 7l
i=1 i=2 j=1

After centering, the leading term comes from the bilinear cross-products N ! Zf\; 9 23;11 z;z;, which
form a martingale array. Part (b) of Lemma 4 establishes a central limit theorem for a normalized
version of this bilinear sum using a Berry—Esseen—type smoothing argument rather than a direct
continuous mapping argument.

In this high-dimensional setting, uniform control of fourth moments, as imposed by Assumption
(ii), is essential for the smoothing argument to go through. Specifically, (ii) provides a uniform bound
on the kurtosis of all one-dimensional projections,

E[(v'z)"]

vios (B[(v'2:)%)? <,

which allows one to control the higher-order terms that appear in Berry—Esseen bounds for the bilinear
martingale differences. Assumption (iii) complements this moment condition by restricting the growth
of the dimension relative to IV and ensuring that the variance of the bilinear sum is asymptotically
dominated by its leading term, with remainder terms of order r2/N becoming negligible.

Together, Assumptions (ii) and (iii) provide sufficient regularity for quadratic functionals of my

to inherit an asymptotic normal distribution in the high-dimensional framework considered here.
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B.3.2 Proof of Proposition 3

Proof. We first show that under the null hypothesis and with 1/r + r*/N — 0 it holds:

SN—T d
0,1
\/? %N(a%

where sy is defined in equation (15); i.e., we consider for simplicity the case of I'; = 0 first.

Let 3, NZZ 1 &€, such that
o — 1 XNIS / 1ZN:§4 + 1ZN:€, ,<§1_2_1) lzN:g ,
Nz:l i) \/Nizl Z \/Nizl l ' ' \/Nizl Z
Now,

5t n

r

1 X ) an 1 & L&
— (= - 2—1) — < l— .
(re) 65 (G e | <[ dm e

Given uniformly bounded second-order moments of &;, we conclude that

) (VF)

b R

= (B =

r

-1
Then, using Lemma 1, we have H ¥, —X D Since the variance of each of the

r? covariance elements is O(1/N), the latter Euclidean norm is O,(1/r2/N) = O,(r/v/'N). Therefore,

(oxe) (575 (53 =0 () ~w

We thus focus on

(#w5e) = (%) - vEEe
— &) = D ez
\/>: \/Nizl Nz:lj:l ’
1N i—1
= Zzzz +’I"+ ZZZ Z;,
7,:1 j=1

where z; = 3, Y 252- is an r-vector of standardized, orthogonal variables. Now, a law of large numbers

(for martingale difference arrays) applies since the units are independent, and

Elziz; — 1] = E [tr(zjz;)] —r = tr (Elzjz]) —r =0,
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such that
— > (zjzi—1) =0,
N i=1 Z

and therefore

S
-
.

[|
o

(2

1 i—1
WZZ; Zi"‘Op(].).
7j=1

To complete the result, we need to show that

\ﬁZ\/; \/>Zz zi % N(0,1), (36)

which directly follows from Lemma 4 noting that its conditions (i)—(iii) hold for z; = 3, 1 2£i (recall
that I'; = 0) with E[z;z;] = I,.
We note that all arguments apply the exact same way for the case where I'y # 0; i.e., when working

with z; = 33, (€, + Tyw;) , such that

l

)

This completes the proof. O

Appendix C Transformation matrices

Curtailing refers to a selection of the moment restrictions with transformation matrix
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such that H;_R;_ only retains the columns of H;_ corresponding to the moment restrictions (5) for

2 < s <max(q+ 1,t — 1). For example, if ¢ = 1 then

0 0 0

Us1 0 0

Hz’—R/ _ = 0 U2 0
0 O Ui T—2

Collapsing instead corresponds to a transformation matrix

0 0 - 0 wis
U1 0 oo 0 U4
Hi—R/c— = Ui Uil 0 and Hiep o=
Ui
Ui T—2 UiT-3 Ul 0

For the full-collapsing approach, the respective transformation matrix is

Ry = (_L/(T—l)(T—2)/2 Léﬁz) ’

such that
U3
Uiy — Uil
uis — (Uit + ui2)

H,R, =

wir — (uin + ...+ Uz’,T—3)

—(win + ...+ uiT—2)

The transformation matrix Rao = (Ra—,0) linearly combines the columns of H; to obtain first
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differences:

0 0 0 0 0
0 0 0 0 0
HR\ - H_ R\ — Aui 0 0 0 0
0 Au;o  Augs 0 0

0 0 0 Auig AULT_Q

Combined with the collapsing approach, the transformation for the Yamagata (2008) test is

0 0 0
0 0 0
, , Auiz 0 0
HR), =H;_ R). =
Auig Auig 0
Aujr—o Auir—3 - Augp

By selecting one of the columns of H;_R/, ., we can replicate the Arellano and Bond (1991) test. For
example, their test against second-order serial correlation in the first-differenced errors combines first

differencing, collapsing, and curtailing (¢ = 1) of the original moment restrictions:

0

0
HR)\, =H; Ry, = | Aup

Auir_9

To obtain the S-differencing moment restriction, combined with curtailing (¢ = 1) and collapsing,
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the transformation matrix becomes Ra, ,e1 = (—(¢/r_5,0)Ri—, (0,¢/_3)), such that

0 0
A1 2u3 Ugq — Usl
, AN U5 — Ui2
HZ’RALch = . =
A pui -1 U — Ui T—3
0 0

Appendix D Variance-covariance matrix under stationarity

For general T' and a stationary data-generating process, under the null hypothesis we can obtain

A, B, 0 .- 0 C
B, A, B, - 0o
0 B; Aj

EgCl=op| ¢ 0 0 0 B, 0 T3 |

Br_3 Ar_3 B, C,_4

o o -- 0 Bro Ar_o C)_,

C C -+ Cpry Cp3 Cr—o D
where A;, j=1,2,...,T — 2, is a sequence of j X j matrices with main-diagonal elements 2(c2 +02)
and off-diagonal elements 202; B;, j = 2,3,...,T — 2, is a sequence of j x (j — 1) matrices with main-
diagonal elements — (o2 + ¢2) and off-diagonal elements —o2; C;,j=12,...,T — 2, is a sequence

of (T — 2) x j matrices with all elements in the first j — 2 rows and the j — 2 leading elements in
the (j — 1)-st row (for 7 > 2) equal to zero, the last two elements in the (j — 1)-st row (for j > 1)
equal to 02 and —o?2, all elements but the last one in the j-th row equal to —o2 and the last one
equal to — (02 4 ¢2), all elements in the (j + 1)-th row (for j < T — 2) equal to 202, all elements in
the (j + 2)-nd row (for j < T'— 3) equal to —o2, and all remaining rows (if any) full of zeros; and D
is a (T — 2) x (T — 2) matrix with main-diagonal elements 2(02 + ¢2), all elements on the diagonals

directly above and below the main diagonal equal to —o?2, and all other elements equal to zero. For

47



T = 4, this becomes

2(02 +02) —(0% +02) o2 (05 +07) 202
(02 +02) 2(02 +02) 202 o2 —0?

ElCl=0y| o2 20 2(05 +07) —o,  —(0Z+0})
—(02 +02) o2 —0? 2(c5 +07) —0?

202 —o? (02 +02) —0? 2(02 + 02)

Appendix E Anderson-Hsiao IV estimation of dynamic model

For the simply dynamic panel data model
Vit = BYit—1 + Uit, Uit = Q; + €4,

with stationary representation y;; = Z;io B for |B| < 1, the Anderson and Hsiao (1981) IV

estimator (25) is inconsistent under the alternative hypothesis of serially correlated errors e;:

(B _ 5) _ plimy . 5 vazl ZtT:2 Yit—2Ae

plim _ ~ = .
plimy_, o % Z¢:1 thg yi7t—2Ayz’7t—1

N—oo

E.1 MA(1) alternative
Under the stationary MA(1) alternative (23), we have

p

(1 + 92)01%7 .7 =0

Eleyeir—j] = o2, =1

0, [ >1

We then obtain for the numerator

N T T
1
plim N 2; ; Yit—2Aei = — ; E[Si,t—zé‘i,t—l] =—(T - 1)‘9037
1= = =

N—oo

and for the denominator

T oo oo

_ pn\2
phm*zzyzt QAyzt ZZZBQ+ZE 5275 2— ]Aezt 1— l] _(T_]-)(l_'_ﬁ)g_'—(l 9) O'g.

1
N—oo N = t=2 j=0 =0 +5
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Thus,
(1+5)0
1+ 8)0+ (1—0)%

mwzmm@—ﬂz(

N—oo

When T' = 3, E[CJ = 903(_1? 1)/7 and

I —-F yio Az + ui1 Ayiz _ Z ,BjE EzlAsz,Z—J
YieAugz + ui3Ayi j=0 €i2—j A
2 2 2 -1
1
i0AYi 1 0+ (1—6)2 -1
I's =2F o= —2<,3( +5)1_:é ) —|—0>03
Yi2 Ayin 1

Consequently,

6 f)(1 0 -1
E[Cz} + FlE[wi] = (ﬁl _‘(_ﬁﬁ—)i_e _?_((14__69))2 012/ . )

1+ B)2(B+60)(1+p0) o[ —1
(@+p+a-022 |,

STa(B)? =

Under local alternatives of the form 6 = 0*/v/N, we have E[(;] + T1FE[w;] = o(1) and T9(FE[w;])? =
o(N -1/ 2). This reflects the asymptotic negligibility of the second-order term. However, it still lends
some power to the test in finite samples or against fixed alternatives. This can be particularly relevant
when 5 = 0, in which case the first term evaluates to zero while the second term remains informative.
When 6 = —f (or, trivially, # = 0), both terms equate to zero. This is intuitive because the DGP

under § = —f is observationally equivalent to a DGP with § =6 = 0.
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When T = 4, E[¢;] = 002(—1,0,—1,1,1)’, and

v

[ YioAuiz + ui1 Ayio ] [ SATACD ] [ 0 ]
YioAuig + ui1 Ay;s ) BeinAgia_j eine;3
Iy =—FE || yir Auig + unAyis == ZﬁjE €inAg;3_; - K 0
YioAuo + uisAyin = gi2—jAgio 0
| \WisAuiz + uisAyin ) | |\ €i3—jQci3 /) | i 0 |
-1 0
-8 1
=((F*=B+10 -1 =B +6") oy | -1 | +060; 0]
1 0
1 0
[ (yi0Ays | -1
YioAyis , . —B
Ty =28 | |yt Ayis :2<B( +5)1:é ) +0) 2| -1,
Yi2Ayil 1
| \visAvyiz /) | 1
such that
-1 0
El¢] + T Ew] = (Blgfﬁ;rfi(zi_ﬂglai 1|+ (f(f;)g)f(j_ﬂ?)?ai 0l
1 0
1 0
-1
1 s BP0 |
S Bl =T e e | !
1
1

For all but the second moment restriction, the expressions are identical to the one for T' = 3. Note-
worthy, the additional term for the second moment restriction, which is asymptotically nonnegligible

under local alternatives, remains nonzero when § = 0.
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It should also be noted that 'y # 0 when § = 0. Consequently, the estimation error must be

accounted for in the estimation of the variance matrix V even under the null hypothesis.

E.2 AR(1) alternative

Under the stationary AR(1) alternative (24), we have Elgye;;—;] = pll(1 — p?)~ o2, Tt follows for the

numerator of the Anderson and Hsiao (1981) estimator that

phm T Zzyzt 2A€zt — ZZ/BJE Eit—2— ]Agzt] (1 _(Z/;;;)(ll)i P) 0'1%'

NHOO i=1 t=2 t=2 j=0

For the denominator, we obtain

T oo oo

phm—zzyzt QAym ZZZBJHE Eit—2— jA&t 1— z] (1+B)((1T—B1/3)(1+P)03

N—oo NV i=1 t=2 t=2 j=0 =0

Thus,
Elw] = plim (B - ) = (1+ )p.

N—oo

When T = 3, E[¢;] = p(1+ p)to2(~1,1), and

YioAuiz + uin Ayso

I'=-E :—iﬂjE

YioAuio + i3 Ay Jj=0 5i,27jA5i2 + 51’3A5i,17j

€i,0—jAci3 + e Aei o

_BA+p) = (1+p%) o1
(L=B8p)(L+p) 7 1 ’

YioAYiz B+p+Bp o [ -1
I's =2F =9
i yis Ay A+B1- 8T+ | 4
It follows that

<1—5p><1+p> )

L+8)p*(B+p+Bp) o1
(1=Bp)A+p) 71 4

ST (B =

Under local alternatives of the form p = p*/v/N, we have again E[¢;]+T1 E[w;] = o(1) and T'y(E[w;])? =
o(N~1/2), provided that 3 # 0. Notably, both terms equate to zero when p = —3/(1 + ), imply-

ing a complete loss of power against this alternative. Under first-order asymptotics, there is also no
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power against p = (. Importantly, when 5 = 0, both terms cancel each other out, which again is
intuitive because a DGP with g = 0 is observationally equivalent to a DGP with p = 0 due to the
exchangeability of S and p.

When T =4, E[{;] = p(1+ p)~to2(—1,—p,—1,1,1), and

YioAw;z + w1 Ay €i0—jAci3 + ei1Ag; 2
YioAuia + uin Ay;s . €i,0—jAcis + e z—;
Iy =—E || ynAuig +uppAyis | | =— Z BE €i1—j A + €003
=0
Yo Auio + uiz Ay €io—jAgin + €30 1—;
| \YisAuiz + uigAyin ) | | \€i3—jA&i3 +cisAegiz—j) |
-1 -1 0
- , —p 1
1+p) —1
_ B+ p) 2 1= P 2| 1|+ P 2 lol,
(1=8p)(1+p) (1=8p)(1+p) L+p
1 1 0
1 1 0
Yio Ayio -1 0
Yio Ayi3 - ) 1
B+p+Bp 2 p 2
I's =2F i1 Ay, =2 o, -1 —2 o, 10|,
Y Sdis (1+B)(1—Bp)(1+p) (1-Bp)(1+p)
Yi2 Ay 1 0
| \YisAyiz ) | 1 0
and thus
-1 0
0 p
- +p+ 1+8) (0° - BB+ Bp—1
(1—3p)(1+p) (1=8p)(1+p) L+p
1 0
1 0
-1 0
_3 1
1 1+ 8)p*(B+p+ 14 3)2p
2 (1=B8p)(1+p) (1=B8p)(1+p)
1 0
1 0
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Figure 13: Theoretical power calculations for an AR(1) alternative with 7' = 3 under estimator
inconsistency: portmanteau test (solid line), full collapsing (dashes)

The additional terms for the second moment restriction cancel each other out under fixed alternatives
when 8 = 0. Otherwise, they still contribute some power when the other moment restrictions evaluate
to zero under the previously identified conditions. We illustrate the power profiles against AR(1)

alternatives in Figures 13 and 14.
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Figure 14: Theoretical power calculations for an AR(1) alternative with 7' = 4 under estimator
inconsistency: portmanteau test (solid line), curtailing (long dashes and dots), collapsing (short dashes
and dots), full collapsing (dashes), first differences with curtailing and collapsing (very long dashes),
S-differences with curtailing and collapsing (very long dashes and short dashes)
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