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Abstract

We examine the impact of different degrees of fiscal feedback on debt in an economy with
nominal rigidities where monetary policy is optimal. We look at the extent to which different
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stabilise output and inflation. Using an objective function derived from utility, we find the
optimal level of fiscal feedback to be small. There is a clear discontinuity in the behaviour of
monetary policy and welfare either side of this optimal level. As the extent of fiscal feedback
increases, optimal monetary policy becomes less active because fiscal feedback tends to deflate
inflationary shocks. However this fiscal stabilisation is less efficient than monetary policy, and
so welfare declines. In contrast, if fiscal feedback falls below some critical value optimal
monetary policy becomes strongly passive, and this passive monetary policy leads to a sharp
deterioration in welfare.
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1 Introduction

With the occasional and notable exception, most governments now see one of their primary
economic responsibilities as ensuring that the national debt stays within reasonable bounds. In
some cases explicit targets for the debt to GDP ratio have been announced, with the implication
that if debt deviates from this target, some form of ‘fiscal feedback’ via taxes or spending will
operate. However it is also recognized that any attempt to control the debt stock, or the public
sector deficit, too tightly may induce instability in other macroeconomic variables. In this paper
we examine this trade-off.

We work with a standard New Keynesian model of a closed economy with Calvo pricing to
examine how optimal monetary policy varies with the degree to which fiscal instruments respond
to the state of government indebtedness, as measured by fiscal feedback. Traditionally it was
thought that some minimum level of fiscal feedback was required for a stable and determinate
economy. However, the Fiscal Theory of the Price Level literature! has argued that a determinate
equilibrium may be possible when no feedback occurs, but where prices adjust to ensure the
government’s intertemporal budget constraint holds. If fiscal feedback is strong, such that fiscal
adjustments ensure the government’s budget is satisfied, monetary policy is ‘active’ in the sense
that it focuses on the control of inflation; if the fiscal feedback is negligible, monetary policy
becomes ‘passive’ in that it must also ensure fiscal solvency. This paper provides a systematic
treatment of the nature of equilibrium over the range of fiscal feedback parameters.?

Our analysis forms a bridge between the literature on optimal monetary policy and the litera-
ture on joint monetary-fiscal optimization. The former work, as exemplified by Woodford (2003),
examines optimal monetary responses to shocks where there are lump-sum taxes available to
continuously satisfy the government budget constraint. The latter literature, and in particular
Benigno and Woodford (2004), Schmitt-Grohe and Uribe (2004) and Schmitt-Grohe and Uribe
(2007), have looked at joint optimization where there are no constraints on the movement of at
least one fiscal instrument. However, neither of these approaches allow us to examine the im-
plications that the (mis)conduct of fiscal policy can have on the operation of optimal monetary
policy. Here we do this by computing optimal monetary policy conditional on fiscal actions in
the form of simple debt-controlling rules. This description of fiscal policy appears to be a more

realistic modelling of current institutional arrangements. It is generally the case that fiscal policy

'See Leeper (1991), Woodford (1996), but also Buiter (2002) for a more critical view.
?The terms ‘active’ and ‘passive’ monetary policy are derived from Leeper (1991). Leeper (1991) also describes
strong fiscal feedback as ‘passive fiscal policy’ and negligable fiscal feedback as ‘active fiscal policy’.



is far less flexible than monetary policy, and partly as a result, the focus of policy makers seems
to be on how quickly government indebtedness should be corrected, as the debates around the
Stability and Growth Pact of the European Monetary Union illustrate.?

We provide a welfare ranking of policies based on a measure derived from consumer utility,
and we also compute joint monetary-fiscal optimization as a benchmark. We find that active
monetary policy combined with sufficient fiscal feedback clearly dominates a passive monetary
policy when fiscal feedback is negligible. The optimal degree of fiscal feedback occurs when debt
follows a path very close to a unit root process, mirroring the path of debt under joint monetary-
fiscal optimization. When government spending is the fiscal instrument, this optimal degree of
fiscal feedback produces a level of welfare that is only very slightly worse that joint monetary-
fiscal optimization, suggesting that the costs of restricting fiscal policy to a simple debt feedback
rule are negligible in this case.

However, we find that there are two cases where optimal monetary policy can take on passive
features (in the sense that interest rates initially fall following a cost-push shock) even when there
is significant fiscal feedback. The first is when the initial level of debt is high, so that changes
in interest rates are a particularly effective way of managing debt. The second is where the
fiscal feedback parameter is too large from a welfare perspective, such that this strong feedback
stabilizes inflation as well as debt. As a result, monetary policy is no longer required to play an
active stabilization role, but this substitution is inefficient in terms of social welfare.

We find that the strength of fiscal feedback affects the stability properties of the economy.
When fiscal feedback is either completely absent or above a certain threshold optimal monetary
policy is able to stabilize both inflation and debt. When fiscal feedback is non-zero but small, we
find that optimal monetary policy chooses policies that allow debt to follow a mildly explosive
path. This path for debt implies that the economy as a whole does not return to a stationary
equilibrium after a temporary shock. Nevertheless, discounting implies that this mildly explosive
behavior represents the optimal outcome for monetary policy.

Our initial results are derived assuming that government spending is the fiscal instrument in
the feedback rule. We then examine a feedback rule that uses income taxes as an instrument.
This produces similar results, although in this case feedback that is too strong (in welfare terms)
has less of an impact on monetary policy and welfare. We also examine the robustness of our

results to replacing ‘infinitely lived’ consumers with consumers who face a constant probability of

3This does not imply fiscal policy makers are ‘irrational’, but may simply reflect overriding political economy
concerns that are outside the scope of this paper.



death (and leave no bequests). In this case, joint monetary-fiscal optimization no longer implies
a unit root process for debt. While other elements of our results remain unchanged, this analysis
does highlight the intergenerational aspects of different degrees of fiscal feedback.

The paper is organized as follows. Section 2 outlines our core model, where consumers are
‘infinitely lived’. In Section 3 we present the case of joint monetary-fiscal optimization, which
provides a benchmark for our analysis. Section 4 presents our main results, where we use a
feedback rule from debt to government spending. We discuss the method and form of the solution
in Section 4.2, and then examine its properties in terms of monetary policy and welfare in Section
4.3. Section 5 examines the robustness of our results. We first consider using taxes, or taxes and
spending, as fiscal instruments (Section 5.1), then vary the level of steady state debt (Section
5.2) and consider different shocks (Section 5.3). Finally we adapt our model to include consumers

with finite lives, and look at intergenerational issues (Section 5.4). Section 6 concludes.

2 The Model
2.1 Consumers

Our model of the household sector is familiar from Woodford (2003). Our economy is inhabited by
a large number of individuals, who specialize in the production of a differentiated good (indexed
by z), and who spend h(z) of effort in its production. They consume a basket of goods C, and
derive utility from per capita government consumption G. Individuals’ maximization problem is

o0

{CH}LaXoo & Zl@v—t [u(Cy, &) + f(Go, &) — v(ho(2),6,)] - (1)
vlviv=e =

Here ¢ is a preference shock. The price of a differentiated good z is denoted by p(z), and

the aggregate price level is P. An individual chooses optimal consumption and work effort to

maximize criterion (1) subject to the demand system and the flow budget constraint:
PtCt + gt (Qt7t+1At+1) S .At + (1 — Tt) (wt(z)ht(z) + Ht(Z)) + T, (2)

where P.C; = fol p(2)c(z)dz is nominal consumption, A; are nominal financial assets of a house-
hold, TI; is profit and T is a constant lump-sum tax/subsidy. Here w is the wage rate, and Ty
is a tax rate on income. Q41 is the stochastic discount factor which determines the price in
period t to the individual of being able to carry a state-contingent amount A;y; of wealth into

period ¢ + 1. The riskless short term nominal interest rate i; has the following representation in



terms of the stochastic discount factor:

1
& =—.
t(Qt,H—l) (1 +7/t)
Each individual consumes the same basket of goods. Goods are aggregated into a Dixit and

Stiglitz (1977) consumption index with the elasticity of substitution between any pair of goods

t
eg—1 er—1

given by € > 1 (which is a stochastic elasticity with mean €*), C; = [ fol ¢, (2)dz

We assume that the net present value of individual’s future income is bounded. We also
assume that the nominal interest rate is positive at all times. These assumptions rule out infinite
consumption and allow us to replace the infinite sequence of flow budget constraints of the

individual by a single intertemporal constraint,
&Y QuuCoPo <A+ & Quo{(1 =) (wy(2)ho(2) +TL(2))) + T} . (3)
v=t v=t

The optimization requires that the household exhaust its intertemporal budget constraint and,

in addition, the household’s wealth accumulation must satisfy the no Ponzi game condition:
lim & (Q¢sAs) = 0. (4)
S§— 00

We assume the specific functional form for the utility from consumption component, u(Cy,&,) =

1-1/0
%. Household optimization leads to the following dynamic relationship for aggregate con-
sumption:
1P 7
Cy =& ((5;?Qt,t+l> Ct—H) . (5)

Additionally, aggregate (nominal) asset accumulation is given by
Avpr = (1 +20) (A + (1 = To) WeNe + 1) — BC, = T), (6)

where Wy and N, are aggregate wages and employment.
We linearize equation (5) around the steady state (here and everywhere below for each variable
X, with steady state value X, we use the notation X; = In(X;/X)). Equation (5) leads to the

following Euler equation (intertemporal IS curve):

Cr=ECu1 — 0 (it — Efir) + &n — &b (7)

Inflation is m; = Pi -

— 1 and we assume steady state inflation is zero.

*We make this parameter stochastic to allow us to generate shocks to the mark-up of firms.



2.2 Price Setting

Price setting is based on Calvo contracting as set out in Woodford (2003). Each period agents
recalculate their prices with fixed probability 1 —-. If prices are not recalculated (with probability
), they remain fixed. Following Woodford (2003) and allowing for government consumption terms

in the utility function, we can derive the following Phillips curve for our economy®:

(1 =81 =7,

7wy = BETer1 + ¢, 8
t tTt+ S+ t (8)
where marginal cost is
. 1. 1. T . N v uce \ 2 R
=-Y+-Ci+ —";— T :
St ¢t+g t+<1_T) t Ct+<vy uc)ft‘“?t

The shock 1), is a mark-up shock and @ is a technology shock, as we assume the production
function vy = Zihy, Zy = Z;—1(;, where (; has a mean of unity. Here ¢ = v, /v,y and 7 is the
steady state income tax rate.
Under flexible prices and in the steady state the real wage is always equal to the monopolistic
mark-up 1, = —(1 — €)/€:. Optimization by consumers then implies:
w _ vy (97 (2), 1) ’ 9)
e Qi (1-17) ue(Cr.g)

where superscript n denotes natural levels (see Woodford (2003)), and p" is a steady state

employment subsidy which we discuss below. Linearization of (9) yields

n A~ . UCE A~
e — ye _ 208 =0. 10
£ — Gt ( v e > &t (10)

~ 1 A1 T
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fi ¢+Cta+(1—7')
2.3 Fiscal Constraint

The government buys goods (Gy), taxes income (with tax rate 1), raises lump-sum taxes, pays
an employment subsidy and issues nominal debt B;. The evolution of the nominal debt stock can

be written as:
Biy1 = (1+14) (B + PGy — T PY, — T + p).

The employment subsidy (x*) and lump-sum taxes (1) are constant. This equation can be

linearized as (defining B; = B;/P;_1 and denoting the steady state ratio of debt to output as x) :

xBii1 = xir + E (XBt —XxTt+(1—p)Gy— 7 (Tt + Y})) . (11)

where p = C'/Y in steady state.

"The derivation is identical to the one in Woodford (2003), amended by the introduction of mark-up shocks as
in Beetsma and Jensen (2004a).



2.4 Aggregate Relationships

Output is distributed as wages and profits:
Y, = WiNy + 11, (12)

Government expenditures constitute part of demand, so the national income identity can be

written as

Y, =Ci + Gy, (13)
and in steady state G = (1 — p)Y. The linearized national income identity is then:

¥ = (1— )Gy + pCo. (14)
2.5 Behavior of the Economy

We now write down the final system of equations for the ‘law of motion’ of the out-of-steady-state
economy. We simplify notation by using lower case letters to denote ‘gap’ variables, where the gap
is the difference between actual levels and natural levels i.e. z; = Xt — X{L The model consists
of an intertemporal IS curve (15), the Phillips curve (16), national income identity (17), and an
equation explaining the evolution of debt (18). We could use the linearized assets accumulation

equation (6) instead of (18) as they are equivalent (equation (19)). The system is:

ct = Eerpr — o iy — Emig), (15)
1 1 T .
T = P&+ K| —cr + =Y + Tt + ) |, (16)
o ) (1-7)
yr = (1= p)ge + per, (17)
~ . 1 /-~ .
bey1 = xit + 3 (bt —xme+ (L—p)ge — 7 (T + yt)) + 04, (18)
dt - Bt; (19)

v(Y+e) B o (o+v¢
shock. We denote b, = XBt- Note that preference and technology shocks only appear in so far as

where parameter x = (=D 514 5, = Wét - <(1_6) + (1_pq)> xdw)ét is a composite

they impact on debt, while cost push shocks matter through the Phillips curve.
It remains to specify policy. We do this in Section 3, where we also discuss some benchmark

results of full optimization.



2.6 Calibration

We take the model’s frequency to be quarterly. To achieve a steady state rate of interest of
approximately 4%, we set the household discount rate 5 to 0.99. Output is normalized to one,
and the ratio of government consumption to output, 1 — p, is 0.25, which determines the relative
preference for government spending in utility. The remaining parameters of the utility function
are typical of those used in the literature, see e.g. Canzoneri et al. (2006). The elasticity of
intertemporal substitution o is taken as 1/1.5, the Calvo parameter « is set at 0.75 so as to imply
average contracts of about a year, the elasticity of demand is taken as ¢ = 7.0 to achieve a 17%
mark up, and the elasticity of labour demand is taken as ¢ = 1/3.

We consider three values for the debt to GDP ratio. Our ‘high’ debt level corresponds to 60%
of annual output, which is the level of debt in a number of European economies. For analytical
purposes, it is useful to consider a ‘low debt’ case where the steady state debt is zero. (Although
unusual, such cases are not unknown: New Zealand, Sweden and Ireland have net debt to GDP
ratios close to zero.) Our base case for x is the midpoint of 30% of annual output. We discuss
these figures further in Section 5.2 below.

Following Ireland (2004) and Canzoneri et al. (2006), the preference shock is calibrated as an
AR(1) process &, = Pgétq + egr with p = 0.9 and o (g¢) = 0.03. We calibrate the productivity
shock as an AR(1) process ¢, = p{ét—l +eqt with p, = 0.9 and o (g¢;) = 0.0075. This is broadly in
line with the values used in Canzoneri et al. (2006) (p¢, o (e¢;)) = (0.92,0.0090)), Ireland (2004)
(peso (e¢e)) = (1.00,0.0109)) and those used in Schmitt-Grohe and Uribe (2007) (p¢,0 (g¢t)) =
(0.86,0.0064)). ® Among these three studies, only Ireland (2004) uses a cost-push shock, which
is AR(1) with a standard deviation of 0.0044. Smets and Wouters (2003) reports an i.i.d. cost
push shock with a much smaller standard deviation in the model with inflation persistence, while
Rudebusch (2002) estimates a standard deviation of 0.01 for an i.i.d. cost push shock. In the
analysis below, we calibrate the standard deviation of an i.i.d. cost-push shock as 0.005. In our
base line case this generates a standard deviation for inflation of 0.0038 that is the same order of

magnitude as empirical data in developed countries over the last couple of decades.

3 Joint Optimisation as a Benchmark Case

The primary aim of this paper is to study the effect of a fiscal policy on monetary policy decisions.

As a benchmark case we first compute a fully optimal policy i.e. joint monetary-fiscal optimiza-

8Schmitt-Grohe and Uribe (2007) do not consider either taste shocks or cost-push shocks.



tion. We assume that both authorities jointly set their instruments {i;, g;, 7} to maximize the

aggregate utility function:

{ﬁl?tl&iﬂﬂ {U(Cs) + f(Gs) - /Olv(hs(Z))dZ} : (20)

We show in Appendix A.2 that problem (20) implies the following optimisation problem:

(e o]

1
min =&Y B [arm? + accd + agg? + ayy?] + O(3), (21)

{is .(S)o:t s=t

where O(3) collects terms of higher than second order and terms independent of policy, and all a;
are positive. This quadratic approximation to social welfare is obtained assuming that there is a
constant production subsidy p® =T that eliminates the distortion caused by monopolistic com-
petition and income taxes in steady state. (This approach follows Woodford (2003). Sutherland
(2002) and Benigno and Woodford (2004) use an alternative way of eliminating first order terms
from welfare, while Schmitt-Grohe and Uribe (2004) do not use a linear quadratic framework, but
instead adopt a Ramsey approach.) We assume that the authorities have sufficient credibility to
commit to the time inconsistent plan, so it can implement the first best time inconsistent solution.

Note that expression (21) contains a quadratic term in government spending, g. This term
enters the welfare expression because it is assumed in (1) that households derive utility from
the consumption of public goods, and that the level of government spending in steady state
reflects this. However, if we instead assumed that government spending was pure waste, but the
government still used g as a policy instrument, changes in g would still influence social welfare
through the national income identity, but it would not constitute an independent source of welfare
loss.

In order to solve for the fully optimal policy we specify system matrices and use MATLAB
code by Soderlind (1999). The procedure is straightforward and non-innovative, so we only discuss
the results, which are summarized in Table 1.

Table 1 shows that cost-push shocks have a much greater impact on social welfare than
preference or productivity shocks when policy is optimal. This is a well known result, and
arises because mark up shocks change the relationship between inflation and output, both of
which are key policy objectives. In contrast, the impact of preference or productivity shocks
only matter through their impact on debt: if lump sum taxes were available as a stabilization
policy instrument, monetary policy could fully offset these shocks. Although lump sum taxes

are constant in our case, the behavior of debt discussed below means that shocks to debt have



Shocks Welfare loss of fully optimal monetary and

applied fiscal policy if fiscal instruments are:
spending taxes spending and taxes

cost-push 2.054 0.230 0.220

taste 2.53x107° 1.25x107° 1.19x1076

productivity 4.49x107° 2.22x1076 2.12x1076

all shocks 2.054 0.230 0.220

Table 1: Welfare implications of shocks, measured as percent of steady state consumption under
monetary-fiscal optimisation.

little impact on welfare, see also Leith and Wren-Lewis (2007). Our analysis below is based on
applying the full menu of shocks, but as cost-push shocks are likely to dominate we also consider
a case where there are only preference and productivity shocks (Section 5.3).

Figure 1 shows the path of key variables following a unit cost-push shock. The most straight-
forward case is where only government spending is available as an instrument. Here monetary
policy responds to the increase in inflation generated by the cost-push shock, raising interest rates
in both the initial and subsequent periods. Higher interest rates raise the level of debt, which
increases gradually but eventually stabilizes at a new higher level. This unit root process for
steady state debt, which is noted for joint monetary-fiscal optimization in Benigno and Woodford
(2004) and Schmitt-Grohe and Uribe (2004), is an extension of a result from the tax smooth-
ing literature (Barro (1979)). As the welfare function is convex and there is discounting, it is
preferable to move fiscal instruments by a small amount permanently to service a new higher
level of debt, rather than change them by a large amount on a temporary basis to return debt
to its initial level. Note, however, that the cut in government spending is larger in the first pe-
riod of the simulation than subsequent periods, so there is a very modest attempt to reduce the
size of the long run increase in debt. The reasons for this, and its implications for policy under
discretion, are discussed in Leith and Wren-Lewis (2007). When income taxes are available as a
fiscal instrument, then there is an initial attempt to directly offset to cost-push shock by cutting
taxes. Lower income taxes increase the incentive to work, which directly reduces the inflationary

consequences of the cost-push shock.



4 Fiscal stabilisation of debt
4.1 Simple Feedback Rules

A number of authors have used simple fiscal rules where a fiscal instrument responds to deviations
in debt from some reference value (for example Schmitt-Grohe and Uribe (2007), Canzoneri et al.
(2006) among others). In the first part of our analysis we focus on the use of government spending
as an instrument, but we broaden it to include income taxes subsequently. Empirical estimates
of fiscal policy reaction functions have tended to focus on cyclical behavior rather than debt
feedback (see Favero and Monacelli (2005), Taylor (2000), Auerbach (2002) for example), but
the evidence suggests that both government spending and taxes do move to stabilize debt (see
Muscatelli et al. (2004) for example). Our initial focus on spending is expositionally convenient,
for reasons that become clear when we consider taxes in Section 5.1. We postulate that out-of-
steady-state government expenditure G, is related to out-of-steady-state debt according to the

following simple feedback rule:
Gy — Gi = =X (B: - B), (22)

Log-linearisation of this rules yields

A~
= — b

(23)

Simple mechanistic rules for fiscal policy more accurately reflect institutional rigidities in fiscal
policymaking than full optimization, where the latter would imply that fiscal instruments would
immediately respond in an optimal fashion to contemporaneous shocks. Of course there are a
variety of potential simple rules, but as our focus in this paper is on how debt stabilization affects
optimal monetary policy, the specification above seems appropriate. In addition, we note that
debt is the only state variable in our model. Furthermore, as we show below, when government
spending is the instrument this rule comes very close to reproducing the outcome that would
occur under full optimization, and so more complicated rules appear unnecessary in this case.

In what follows we shall explore the implications of different values of the fiscal feedback
parameter A\. We are interested in two key questions. First, can we distinguish clearly between
two policy ‘regimes’, as suggested by the Fiscal Theory of the Price Level and the results in Leeper
(1991) and Leith and Wren-Lewis (2000)? If we can, how does welfare and optimal monetary
policy compare between regimes? Second, what is the optimal degree of fiscal feedback on debt,

and what are the implications for welfare and monetary policy of departing from this optimum?
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4.2 The Solution

In order to solve the model we use the method of Lagrange multipliers. Unlike the case of joint
optimization in Section 3, an analysis of first order conditions is crucial to explain certain dynamic
properties of the solution.

The central bank chooses the nominal interest rate to minimize social loss (21) subject to the
evolution of the economy. It is instructive to simplify the dynamic system (15)-(19) that describes
the evolution of out-of-steady-state economy, as observed by the monetary policymaker. We
substitute equations (17) and (52) into (16), (15) and (18), leaving only three dynamic equations

for ¢g, ™5 and by:

cs = &csp1 — (s — Emay),

1 p A~
BEms +/@<+> cs — k—bs + K1),
tTs+1 o P " n

1 ~ -
5 (@@= —7pes) 45

Let the period at which optimization is taking place be period t. We construct the Lagrangian

L= gt iHsa
s=t

where each term Hj has the following form

Ts

58+1 = Xis

1
Hy = 758715

R - 2
5 awﬂg + accg + Qg <(1_)> bg + Gy (_)\bs + pQ;) ]
+B° LG (Ercorr — o(is — Exmeqr) —

+8°7 LT <55t7fs+1 + K <

p

" +’€ns_778

g )

s—t . 1 T < 7

+5 LS+1 Xls—i‘B((1—(1—T)>\)bs—X7Ts—TpCs>+5s—bs+1 .

In order to minimize the loss function in (21), we differentiate the Lagrangian, £, with respect

11



to L¢, L™, L’ =, ¢, b and i. The first order conditions for optimality are:

oL

= 0=l o S BT - L - I, (24)
oL s—t s—t T s—t—1r7c s—tre
5. = 0= pB""accs + B° ayp (—)\bs + pcs) + LS —po"Ls (25)
1 e TP o
+K <U + 5}) B* th+1 - Fpﬂ tLlS)+17
oL A2 -
— = 0=p"% ( ) by — A3 ta, [ —\bs + pes 26
8[)5 B g (1 _p) /8 y( P ) ( )
St A s—t— s—t—
—p3° tKJXLsH +(1-(1=-7)Np 1LI;+1 - Bt 1LI;,
oL s—tre s—
87 = 0=-0p th+1 + tXLgﬂa (27)
oL
O 0= &t — 0lis — Tas1) — s, (28)
aLs—H
oL 1 p ~
= 0= g s - - s *bs As — sy 29
oL, 5t7r+1+/<a<a+w>c HZ/J + K, —T (29)
oL 1 - ) -
—— = 0=xis+ 5 (1= (1 —7)N) bs — x7s — Tpcs ) + 05 — bst1, (30)
o, g )

along with initial conditions L§ = LT = 0,b; = b (see Currie and Levine (1993)).”

The linear difference system (24)-(30) is closed with a dynamic process for the two exogenous
shocks 7y, and &; and this makes it to be of ninth order. It should be solved subject to nine
boundary conditions. We know five initial values: (i) initial values for predetermined endogenous
variables (debt in our case); (ii) Pontryagin’s maximum principle requires setting to zero initial
conditions for those Lagrange multipliers which are associated with dynamic constraints on non-
predetermined variables (see e.g. Currie and Levine (1993)), L™ and L€ in our case; (iii) and initial
values of shocks 7 and 5. We need to define an appropriate transversality conditions to close the
system. Welfare will be finite if variables grow slower than at a rate of 1/1/5, tlirgo B2z, = 0
for any variable x;. Moreover, by imposing this transversality condition we guarantee that this
solution to the system (24)-(30) is unique if it exists.®

The system (24)-(30) plus dynamic processes for the shocks can be written in a matrix form

Q21 = Uz where 2 = (), Uy, by, U, V5, 05, V0, T4, ¢)', and vF = B57ULF k € {x,b,c}. This linear

"In all the analysis below we take b = 0 i.e. we assume we start from a position in which debt is at its steady
state.
8Solutions to the dynamic system (24)-(30) would always exist if we imposed tlim B2z, < co. However, in this

case there can be multiple solutions with the asymptotic growth rate 1/+4/8. Such solutions would not lead to finite
welfare, but would still solve the system (24)-(30).

12



system has nine generalized eigenvalues’, which are functions of the fiscal feedback parameter
A. The dynamics of the system can be fully described in terms of these eigenvalues. Moreover,
the speed of convergence of the economy towards the steady state is determined by the largest
eigenvalue of this system among those that are less than 1/4/3. This implies that system (24)-(30)
can have solutions that exhibit a (moderate) explosion. We now examine if this is indeed the
case.!?

To do this, it is instructive to calculate values of A\ that can generate an eigenvalue ® (\) =
1. We show in Appendix C that there are two solutions to the problem where some ® (A\) =1 in
the area 0 < XA < 0o. They are A = 0 and A = \* where
1-5

TY
1- Y+op

A = (31)

(The economic interpretation of A* is discussed in the next section.) More specifically, at these

two points for A we have the following structure of the generalized eigenvalues of system (24)-(30).

1. If A =0 then the nine generalized eigenvalues to this problem are:

P, = Py =P3 =0,

(05 (0) [(ConesEra)y
P 5 - 5 "5t
O = 1,@6_;,

2
oo [ty )
by = q)g:OO>;.

There are five generalized eigenvalues that are strictly less than 1/4/3, and the biggest of

them is equal to one.

9Since  is singular, we deal with generalised eigenvalues, i.e. solutions ® of the equation det(¥ — ®Q) = 0. See
Klein (2000) on solutions of such systems. In what follows we will often omit the word ‘generalised’, but we keep
the meaning.

10Note that we work with a linearised model and an infinite time horizon, so equations only remain valid in a
neighbourhood of the steady state. Although at some point a moderate explosion would exceed these boundaries,
the stability analysis is unaffected.
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2. If A = \*, then the eigenvalues are

D = Py =P3=0,
®, = solution of quadratic equation < 1,
1
P = 1, Pg = ik
®7 = solution of quadratic equation > ;,
by = Pg=00> l
B

There are five generalized eigenvalues that are strictly less than 1/4/3, and the biggest of

them is equal to one.

These two values of fiscal feedback, 0 and A*, split the set of possible feedbacks into the two
open sets: 0 < A < A* and A > A\* We can also show numerically that for a relatively wide range
of 0 < A< A, A > \*, the following holds:

(i) some eigenvalues remain either smaller than one or greater than % forany 0 < A < A
(PN = [[@o(A)[| = oo, [[L1(A)[| = [[@2N)[| = [@3(M)]] = 0, [@4(M)]| < L [[@5(M)] > 1/5 .
None of these eigenvalues is the ‘biggest stable eigenvalue’ and so none of them will determine
the rate of convergence of the economy to the steady state following a shock.

(ii) Eigenvalues ®5(\), ®g(A) behave in the following way. First of all, they do not intersect:
P5(\) < 1/4/B, and ®5(\) > 1//BH I 0 < A < \*, ®5()\) increases from ®5(0) = 1 up until
it almost reaches 1/4/B and then decreases to ®5(\*) = 1.94(A\) decreases from ®g(0) = 1 down
until it almost reaches 1/4/8 and then increases back to ®g(\*) = 1/8. For A > \*, ®5()\) < 1
and ®g(N\) > 1/5. ®5(\) has a key role in determining the dynamic properties of the economy.

This dependence of eigenvalues on the value of fiscal feedback A is shown schematically in
Panel I in Figure 2, where eigenvalues are plotted against A\. Depending on the value of A we can

distinguish three cases.

1. Strong fiscal feedback when X > \*. When A > \* we have five eigenvalues which are strictly
less than one, and four explosive eigenvalues (which are strictly greater than 1/8 > 1//3).
Given five initial conditions and transversality conditions we obtain a unique solution. When
t increases, all economic variables, IN)t,ct, 7, once disturbed, necessarily converge to their

steady state values. We say that in this case the solution and the steady state it converges

"We show this analytically in Appendix C.
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to are asymptotically stable. When A = \* then ®5 = 1 and ®¢ = 1/5. The sixth eigenvalue
is ruled out by the transversality conditions but ®5 is accepted by them. The optimal
monetary policy thus generates unit-root dynamics of economic variables in response to
shocks. We say that in this case the solution, and the steady state it does not diverge from,

are just stable.

2. Zero fiscal feedback when A = 0. If A =0 we have &5 = 1, &g = 1/5. Again, transversality
conditions classify ®5 as a just stable eigenvalue. We thus obtain a unique solution. We
can check that in this case neither of the economic variables b, ¢;, ¢ nor instrument i; will

exhibit unit-root behavior, as the Lagrange multipliers have unit root dynamics.

3. Weak fiscal feedback when 0 < A < A*. For the intermediate range of parameter A\, 0 < A <
A\*, there are five eigenvalues that are less than 1/4/3, but one of them is greater than one.
The model thus exhibits explosive behavior. This explosive behavior is modest, as variables
grow at an asymptotic rate that is slower than the steady state rate of interest, 1/8. The

implied loss is finite.

These results suggest that we can define three different regimes, determined by the two thresh-
old values of parameter A. Two regimes, the zero fiscal feedback regime and the strong fiscal
feedback regime, are regimes with stable solutions. The third regime, the weak fiscal feedback
regime, generates a moderately explosive solution that delivers finite social loss. Although such
behavior is theoretically possible, we are not aware of another example in the literature where it
would be optimal for monetary policy to support moderate explosion. Although this distinction
is made on the basis of dynamic stability properties, we shall see in the next section that there is a

substantial difference among these regimes in the implied economic behavior of the policymaker.

4.3 Optimal Monetary Policy and Welfare

Panel II in Figure 2 presents the values of some key magnitudes as we change the degree of fiscal
feedback A. The first two columns are identical except for the scale of A: the first column focuses
on small positive values of fiscal feedback, whereas the second column gives results for a much
broader range.

The top two rows report monetary policy responses to the cost-push shock and debt. It is well
known (see Appendix B) that the unique solution for the optimal interest rate reaction function

in linear-quadratic models can be presented in the form of a linear relationship:

iy = Onfly + 0cC; + Opby + 0o LT + 0L, (32)
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with feedback coefficients 6 on predetermined states and predetermined Lagrange multipliers.
We plot two parameters from the implied reaction function for monetary policy (32): the feed-

12 Solid lines indicate solutions that

back coefficient on the mark-up shock 6, and on debt 6.
are asymptotically stable, while dotted lines are solutions that involve mild explosions (see the
discussion in the previous section).

The bottom row of Panel II plots the social welfare loss expressed as a percent reduction in
steady-state consumption. We discuss below the size of these welfare losses, and compare them

to the results in the relevant literature.

4.4 Three policy regimes

Figure 2 and the analysis in Section 4.2 suggest that there are two regimes in which all processes
are either asymptotically stable or unit root, and one in between which exhibits moderate explo-
sive behavior. We discuss them in turn.

The first regime occurs when A = 0. Here we have no feedback from debt to fiscal variables,
so we might suppose that debt in this model would be unstable. However, the results show that
monetary policy ensures the asymptotic stability of economic variables. It achieves this in two
ways, both shown in Panel II in Figure 2. First, 0, ensures that any positive movement of debt
leads to a large fall in interest rates, which leads to correction through the government’s budget
constraint. Second, the reaction to a positive cost-push shock is also to reduce interest rates.

The negative feedback on debt is not surprising, given inaction by the fiscal authorities. The
negative reaction to the cost-push shock is more interesting, and it raises the question of how
monetary policy stabilizes inflation in this case. To understand what is going on, Panel I in Figure
3 plots impulse responses to the cost-push shock for two cases, both of which set A = 0: optimal
monetary policy (solid line), and for fixed nominal interest rates, which is a standard example
of a passive monetary policy in the literature. The cost push shock raises inflation, and when
interest rates are fixed this reduces debt. However, when inflation falls back, it returns to a small
negative number, and from there gradually converges to zero. This reduction in inflation slowly
increases debt, and allows it to return to its initial level. When monetary policy is optimal, then
in the first period there is a large reduction in interest rates, as Panel II in Figure 2 also shows,
but this is followed by an increase in interest rates. The key to why this path is optimal is that

both consumption and inflation are forward looking. Higher future interest rates largely offset

12The other ¥ parameters are less informative. @y, represent the integral control part of the reaction function
and therefore feedback on slow moving variables.
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the impact of the immediate decline in interest rates on first period consumption, and thereafter
consumption is below base. Inflation depends on current and future consumption, so inflation
is lower in all periods as a result of this behavior in consumption. Of course debt depends on
its own past value through the budget constraint. Thus, by cutting interest rates initially and
raising them subsequently, monetary policy is able to both stabilize debt and moderate the initial
increase in inflation.!?

In contrast, where A > A*, the reaction to the cost-push shock is generally to raise interest
rates. The system is asymptotically stable for A > A* and exhibits a unit-root behavior for \ =
A*. The contrast between behavior in the two regimes is illustrated in Panel IT in Figure 3, which
plots the impulse response for key economic variables following a cost push shock for two values
of A\: A = 0 as a dashed line, and A = X\ > \* as a solid line, where X is only marginally higher
than A* so the solution is asymptotically stable.

As we would expect from simply considering the government’s