
Economics Department 
Discussion Papers Series 

ISSN 1473 – 3307 

 

An OLG Model of Endogenous Growth 

and Ageing 
 
 

G.P. Cipriani and M. Makris 
 

 

Paper number 01/02 

URL: http://business-school.exeter.ac.uk/economics/papers/ 



An OLG Model of Endogenous Growth and

Ageing 

G!P! Ciprianiy and M! Makrisz

yDepartment of Economics.

University of Bristol.

and CHILD. University of Verona

zDepartment of Economics. University of Exeter.

CMPO. University of Bristol.

and IMOP. Athens University of Economics and Business

May ./0 1//.

Abstract

To study fully endogenous ageing alongside growth and their implicaD

tions. this paper sets up an OLG economy in which the life expectancy

of agents is endogenousF Agents are bearers of children. investors in edD

ucation and producers and consumers of outputF Retirement decision in

the last period of life is also endogenous and. when retired. agents reD

ceive a pension that is Inanced by a PAYG systemF The model features

a unique asymptotically stable steady stateF Accordingly it supports a

plethora of short and mediumDrun dynamic paths to a uniquely deIned

longDrun equilibrium depending on the functional forms. parameters and

initial conditionsF The model is then calibrated and some comparative

static experiments on the eLect of policy variables changes are conductedF
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 Introduction

Signi$cant demographic changes are predicted to take place in all industrialised

countries over the next 56 years8 Some of the most striking projected changes

are that the ratios of people aged ;< and above to 5<>6? year old are predicted to

rise signi$cantly in all countries@ the <>A? year old ratios are generally predicted

to fall andB generallyB at a rather more modest rate@ and there are marked

diCerences across countries especially in the size of the predicted rises in the

;<>and>above dependency ratios8 ESee for example Population TrendsB ONSB

Winter A??K8L

Given these factsB in recent years there has been an increasing interest in the

economic literature into the causes and implications of an ageing population8

HoweverB there has been relatively little research into the macroeconomic eCects

of such changes8 The research that has been done suggests that the Pbroader

macroeconomic consequences Rof an ageing populationS may be great and may in

fact overwhelm the consequences for social security aloneP EJohnson and Falk>

ingham EA??5B p8A6VLL8 HoweverB while the empirical literature is fast growingB

the theoretical underpinning of an economic analysis of population ageing is

lacking behind8 In factB the demo>economic theory is mainly concerned with

the early demographic transition8 In particularB numerous studies concentrate

on the fall of fertility as per capita income increases8 Yet there is a clear lack

of theoretical research on the role of longevity8

In the neo>classical growth theoryB population was treated as an exogenous

variable that simply grew at a constantB autonomous rate8 Accordingly this the>

ory was silent on the relationship between economic and demographic outcomes

and could not address the evidence on the variations in fertility and mortality

rates across diCerent economies or in the same economy over time8 To explain

such evidenceB it was necessary to depart from neo>classical theory and to de>

velop models in which population was determined endogenously8 The seminal

paper by Becker EA?;<L was the $rst attempt to $ll the gap by reformulating

the classical theory of population in modern economic terms8 The radical con>

tribution of that paper was the development of a model where parents derive

utility from their own consumption as well as from the quantity and quality

of childrenB who are treated as durable goods8 The analysis established the

micro>foundations of a theory of population from which an extensive literature

on endogenous population has since developed8 Some of the early topics to be

considered were the eCect of social security on fertility EBecker and BarroB A?[[@

Cigno and RosatiB A??5LB the interaction between the quantity and quality of

children EBecker and LewisB A?KVL and the relationship between capital markets

and intergenerational transfers ENerloveB Razin and SadkaB A??AL8

The development of endogenous growth theory Einitiated by Lucas A?[[ and

Romer A?[;L oCered a framework for gaining further insights into the relation>

ship between population change and economic activity8 The major challenge

has been to explain demographic transition in fully articulated dynamic gen>
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eral equilibrium models in which the development of the economy may be un5

bounded6 One of the 8rst models in this genre is that of Becker< Murphy and

Tamura ?@AABC who consider a dynastic model of intergenerational transfers

where parents derive utility from the number of children and the utility level

that each child receives6 Human capital accumulation is the key to growth in

this model and is determined endogenously< together with the number of chil5

dren6 The model produces two stable equilibria6 One of these is a development

trap where fertility is high< there is no investment in the human capital of oneEs

children and the rate of growth is zero6 The other features low fertility< positive

investment in human capital and positive growth6 Which equilibrium transpires

depends crucially on initial conditions6 The model captures the empirical evi5

dence on fertility and growth< though the transition from one equilibrium to the

other cannot be explained6 Another early contribution is that of Ehrlich and

Lui ?@AA@C who consider a diLerent model in which parents invest in their chil5

drenEs human capital to achieve both old5age support and emotional grati8ca5

tion< where material support from children is determined through self5enforcing

implicit contracts6 One implication of this model is that fertility is at a corner<

with each parent choosing the minimum number of children in equilibrium6

These and other contributions ?like Galor and Weil ?NBBBC and Tamura

?@AAOCC provide an explanation only for some aspects of the demographic tran5

sition6 In particular they do not attempt to study ageing in a model where

demographic 5 including variations in longevity 5 and economic outcomes are

determined jointly within an economy6 In other words< the received literature

does not study fully endogenous ageing and its implications for growth< retire5

ment and savings decisions< and the tax burden6 In fact< where longevity has

been taken into account ?for example by Ehrlich and Lui ?@AA@CC< it is still

treated as exogenous6 Our paper is an attempt to 8ll this gap6

To study fully endogenous ageing alongside growth and their implications

5 like in the paper by Becker< Murphy and Tamura ?@AABC 5 we use an OLG

framework to investigate the relationship between human capital accumulation<

fertility and economic growth6 The novelty in our paper< however< is the en5

dogenous treatment of longevity6 We believe that such a treatment is important

because in industrialised countries the ageing of the population is as much due

to increased longevity as reduced fertility6 Therefore< a necessary ingredient of

a fully5Qedged model of ageing is endogenous longevity as well as endogenous

fertility6 

 To the best of our knowledge0 only two recent and unpublished papers by Lagerl7of 89:::;

and Blackburn and Cipriani 89:::; treat longevity as endogenous? Nevertheless0 these papers

do not focus on endogenous ageing? The Arst paper is concerned with explaining the transition

from a Malthusian Regime to a Modern Growth Regime? Therefore it does not consider a

pension scheme and the resulting tax burden or the retirement decision? Blackburn and

Cipriani 89:::; focus on the eGect of increasing longevity on the timing of childbearing and

on educational investment? Thus0 they again do not consider pension and other related issues?

Also0 both papers do not feature savings? Finally0 both papers make speciAc assumptions on

technologies and preferences while our model is derived under very general assumptions?
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We consider an overlapping generations economy in which the life expectancy

of agents extends probabilistically to three periods6 Agents are bearers of chil8

dren9 investors in education and producers and consumers of output6 Child8

bearing is costly6 As in Blackburn and Cipriani >?@@@A9 educational investment

when young is the means of accumulating human capital which raises the fu8

ture productivity of labour6 This type of human capital function is based on

Uzawa >EFGHA and Lucas >EFJJA Retirement decision in the last period of life

is endogenous and when retired9 agents receive a pension which is Lnanced by a

PAYG system6 The model is Lrstly derived under general forms for the utility

and the human capital accumulation functions6

We show that the model features a unique asymptotically stable steady state6

Accordingly our model supports a plethora of short and medium8run dynamic

paths to a uniquely deLned long8run equilibrium depending on the functional

forms9 parameters and initial conditions6 This result comes in striking contrast

to the existing ones9 for example to the result of Becker et al6 >EFF@A6 In more

detail9 Becker et al6 >EFF@A Lnd multiple long8run equilibria9 whilst we Lnd a

unique steady state6 In Becker et al6 >EFF@A one steady state is unstable and

the rest two are locally stable9 whilst our long8run equilibrium is a sink6

Under speciLc assumptions for preferences and technology we show by means

of simulations that our model is capable of generating testable time series which

accord with the empirical evidence on the relationship between demography and

development6 In particular9 the fertility rate is initially decreasing and then it

increases as in the baby boom to fall again later6 Longevity is always increasing

while the savings rate9 the retirement age and the tax rate are non monotonic6

The Lnal part of the paper considers some comparative static experiments on

the eRect of policy variables changes and shows the eRects of a child rearing

subsidy and of a less generous pension scheme on ageing and growth6

 The model

Time is discrete and the superscript t denotes a variable which refers to a gener8

ation born at time t6 There is an endogenous population of reproductive agents

belonging to overlapping generations with Lnite but uncertain lifetimes6 Each

agent matures safely from childhood to adulthood and has a probability of sur8

viving to old age6 In the Lrst period of life an agent is raised by her parent and

decides how much time to invest in education or to devote to leisure6 When

adult he becomes active as a bearer of children and a producer and consumer

of output6 If she survives to old age9 an agent has to decide when to retire

and enjoy a pension Lnanced with a PAYG system6 The endowment of time

in each period is normalised to one6 All agents have identical preferences and

technologies9 and are aware of their life expectancies6

The expected lifetime utility of an agent of generation t is given by
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W t  U!" et# $ #$!cta# $ &$!n
t# $ (t!)$!cto# $ *U!" l

t## !"#

where et denotes time spent in education when young and lt denotes the fraction

of time spent on working in old age9 Moreover< cta and c
t
o denote consumption

when adult and old respectively< nt is the number of children and (t is the

probability of surviving to the third period9 As in other papers in this literature<

parents derive utility from the production of o?spring and children are treated

as consumption goods< yielding utility to their parents only during the period

in which they are born9 For simplicity< agents are assumed to enjoy leisure only

when young and when old9 The functions U and $ are strictly increasing and

concave as usual9 Finally< &, ) and * are strictly positive scalars< and # ! !C, "#

denotes the discount factor9 

Each agent enters her second period of life with an amount of human capE

ital which is partly inherited from her parent and partly the result of his own

educational e?ort according to the following function

ht  H!ht !, et#/ !F#

As an adult< each agent spends all her time endowment on work9 The consumpE

tion level of an adultGyoung agent is

cta  !" qn
t $ 1 t  st#wht " Lt

awh
t, !H#

where w is the Ixed wage per unit of e?ective labour<" q is the !constant# cost

of raising children net of a Ixed subsidy on child care a as a proportion of the

e?ective wage wht9 In addition< st is the saving rate and 1 t is the net transfer

to generation t in period t!"# as proportions of the e?ective wage9 Lt
a can be

thought of as the consumption generating time when young net of all possible

!net# outLows measured in timeEequivalent units9

If an agent survives to the third period< then she allocates her time between

working and leisure !retirement#9 When retired she receives a pension which is

a proportion p of her e?ective wage prior to retirement9 Denoting with R the

Ixed< exogenous< rate of interest determined at the world level#< consumption

in old age is

cto  
 
lt $ p

!
" lt

"
$ stR

#
wht " Lt

owh
t/ !P#

Lt
o is the consumption generating time when old plus any possible inLow meaE

sured in timeEequivalent units9

The net transfer received by adults of generation t is determined by a balE

anced budget condition for Inancing pensions and child care subsidies< where

 Note that the scalars  !" and # incorporate implicitly the discount factor $! since they

can be thought of being such that  4 $ 5 ! " 4 $ 5" and # 4 $ 5# where 5 ! 5" and 5# are strictly

positive scalars8
!For our assumption that w is exogenously given; see next footnote8
"The usual small open economy assumption allows us to consider both R and w as exoge=

nous variables determined at the world level8
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the income from savings as an adult of agents of generation t  1 that do not

enter the third period 3i4e4 unintended bequests7 are left to8taxed at a 1::;

rate by the Government for simplicity4 That is?

! t @
ht  

 
st  R

!
1 %t  

"
 p

!
1 lt  

"
%t  

#
htnt  

 ant* 3A7

The model is completed by specifying one important feature which is the enC

dogenous determination of the survival probability? %4 By endogenising longevity

the paper distinguishes itself from most of the existing literature4 Like in BlackC

burn and Cipriani 3H::17 and in LagerlIof 3H:::7 we assume that longevity deC

pends on human capital4 In particular we assume that the longevity of generaC

tion t depends on the average human capital level of that generation to reKect

the fact that better educated individuals are more likely to adopt healthy lifeC

stylesL

%t @ %

$
h
t
%

3M7

where h
t
is the average level of human capital of generation t? %!3*7 + :? %3:7 @ %

and lim
h ""

%

$
h
t
%

@ % ! 14!

The typical agent born in period t is faced with the problem of maximising

317 with respect to et- cta- cto- nt- lt subject to 3H7C3O7 and 3M7? taking as given

! t- p- h
t
- ht  - q- w and R4 Note that in equilibrium h

t
@ ht and that the

equilibrium paths for et- cta- cto- nt- st- lt- ht- %t- ! t follow from the solution to

the above problem? 3H7C3M7 and h
t
@ ht as a function of p- a- q- ht  - nt  - st  -

lt  - %t  - w and R*

Finally? note that the demographic composition of the population is endogeC

nously determined in our model4 In more detail at any instant t the number of

adults N t is N t  nt  - the number of children is N t  nt  nt- and the number

of old agents is N t  %t  * Given these we have that the ratio of old agents to

adults is %t  2nt  - whilst the ratio of young agents to adults is nt* Note that

the sum of these two ratios determine the dependency ratio of our economy?

or in other words the ratio of young and old agents and to adults4 Moreover?

we have the following ageing indicesL the ratio of old to young agents is %
t  

nt  nt

whilst the ratio of old agents to the total population is %
t  

%t  "nt  # "nt$
4 We now

turn to the characterisation of equilibria4

 Equilibrium Characterisation

Assuming for simplicity an interior solution the Urst order conditions 3FOCs

hereafter7 of the problem faced by the typical agent t with respect to et- nt- st

and lt areL

W34!3cta7L
t
a X %t64!3cto7L

t
oYH

t
% @ U !31 et7 3Z7

 Primes denote *rst derivatives and double primes denote second derivatives2
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 !  cta!H
tq " %!  nt!  #!

't(!  cto!R "  !  cta!  $!

(!  cto!H
t % p! " +U   % lt!.  %&!

respectively1 In the above Ht
! H ht! . et! and Ht

i 1 & denotes the 9rst partial

derivative of H ht! . et! with respect to its ith argument1 In what follows we

will also denote as Ht
ij the 9rst partial derivative of Ht

i with respect to its jth

argument1 We assume hereafter that Ht
! 1 & and Ht

!! 4 &5

Before we proceed into the characterisation of equilibria we brieBy discuss

the incentives faced by the typical agent t when she decides upon et. nt. st and

lt for any given w. R. 9 t. p. h
t
. ht! and q. as these are implicitly determined

by  C!D %&!5 Using  F!D G!H conditions  C!D %&! can be rewritten as

De e
t. Lt

a. L
t
o. '

t. ht! . w! " &  %%!

Dn e
t. nt. Lt

a. q. h
t! . w! " &  %F!

Ds e
t. Lt

a. L
t
o. '

t. ht! . w.R! " &  %I!

Dl e
t. lt. Lt

o. p. h
t! . w! " &  %G!

where Di denotes the welfare gain from a marginal increase in i D given w. R.

9 t. p. h
t
. ht! . q D on the part of the typical agent t as a function of et. nt.

lt. Lt
a. L

t
o. '

t. ht! . p. q. w and R5 The de9nitions for Lt
a and Lt

o can also be

reDwritten as

Lt
a   % qtnt K 9 t

 st! " &  %L!

and

Lt
o  

 
lt K pt

!
% lt

"
K stR

#
" &5  %M!

The above system gives implicitly the decisions on et. nt. st and lt. and Lt
a

and Lt
o as functions of 9 t. p. 't. ht! . q. w and R5 The eNects on et. nt. st and

lt of changes in 9 t. p. 't. ht! . q. w and R turn out to be ambiguous1 HoweverH

we can get a rough idea of the various eNects in action by considering the signs

of the 9rst partial derivatives of Di 5! with respect to its argumentsH Dij D where

j denotes an argument of Di 5!1
"

We start with the analysis of De5 It can be shown after some tedious calcuD

lations that De* 1 &5 ThereforeH a marginal increase in longevity leads ceteris

paribus to higher levels of education1 The reason is that higher longevity implies

a higher need for consumption and therefore incomeH which can be increased by

raising the level of education and thereby productivity1 In additionH Dew 4 &

 For completeness+ these partial derivatives can be found in the Appendix+ where we have

normalised w 7 8 to simplify the exposition: Note that the interplay of all these partial

derivatives for any i and the relevant partial derivatives of Lt
a and L

t
o is what determines the

<net= e>ects on et$ nt$ st and lt of marginal changes in ( t$ p$ *t$ ht ! and q- The exact nature

of this interplay is of course determined by the Implicit Function Theorem:
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represents the expected negative income e0ect of higher wages on education4

Moreover6 the sign of Dej where j 7 ht  # Lt
a# L

t
o is ambiguous4! This follows

from the existence of two opposing e0ects on et of a marginal increase in j& On

the one hand6 an increase in j implies that the bene<t in terms of higher con=

sumption from a marginal increase in the level of education is now higher and

thus the agent has an incentive to spend more time on education4 An increase

in j# however6 implies also that for any given level of education the agent enjoys

now higher consumption and thereby she has can maintain her previous levelAsB

of consumption at a lower level of education4

Concerning the decision on nt# we have that Dnq ( D& Therefore6 a marginal

increase in the cost of raising children as a proportion of wages leads ceteris

paribus to less children for the obvious reasons4 In addition6 DnLa ) D and

Dnw ) D& An increase in Lt
a or w implies higher consumption levels and thereby

the agent can a0ord more children4" However6 the sign of Dnj where j 7 et#

ht  is ambiguous4 This ambiguity is a direct consequence of the existence of

two opposing e0ects on nt of a marginal increase in the level of period t human

capital ht# which in turn depends positively on both et and ht  & An increase

in human capital implies higher labour income and that the agent can a0ord to

have more children4 An increase in ht# on the other hand6 implies also higher

wages and therefore that the cost of upbringing is higherH the typical agent t

has an incentive to decrease the size of her o0spring4

We turn to the examination of Ds& It follows directly from AKB that Ds* ) D#

DsLa ) D and DsLo ( D& Higher longevity dictates a need for higher savings to

<nance future consumption6 and thereby has a positive e0ect ceteris paribus on

savings when adult4 DsLo ( D highlights the standard AnegativeB income e0ect

on savings of a higher level of consumption when old4 Moreover6 DsLa ) D

represents the standard ApositiveB income e0ect on savings of a higher level of

consumption when young4 In addition6 DsR ) D which reLects the standard

substitution e0ect of higher interest rates4 Nevertheless6 the sign of Dsj where

j 7 et# ht  # w is ambiguous4 This ambiguity follows directly from the fact that

higher j induces higher wages and thereby higher consumption both when adult

and when old4

Finally6 in analysing the decision of the typical agent t concerning the fraction

of time spent on working as old we have that Dlp ( D# DlLo ( D and Dlw ( D&

That is6 as intuition would suggest6 higher pensions imply ceteris paribus a

higher cost from working and therefore early retirement4 Furthermore6 DlLo ( D

and Dlw ( D reLect the standard AnegativeB income e0ect on labour supply

of higher wealth4# Notwithstanding6 the sign of Dlj where j 7 et# ht  is

ambiguous4 This ambiguity follows directly from the observation that higher

j induces higher wages and the standard ambiguous e0ect of higher wages on

labour supply4

 When Lt
a and L

t
o can change is obvious from the two equations above4

!Note that the partial e8ect of q on nt is reinforced through the e8ect of q on Lt
a#

"Note that the partial e8ect of p on lt is reinforced through the e8ect of p on Lt
o
#

P



We now turn to the investigation of our equilibria2 Using the fact that in

equilibrium h
t
6 ht we have that the equilibrium paths for et" cta" c

t
o" n

t" st" lt"

ht" 't" ( t follow from 89:;8<=:> 8?:;8@:> and

't 6 '
 
ht

!
8<9:

as a function of nt  " st  " lt  " ht  " 't  and I  fp" a" q" w"Rg/ Accordingly>

the equilibrium paths for nt" st" lt" ht" 't are given by the solution to a system of

@ autonomous diDerence equations2 The characteristics of this dynamic system

will be the focus of our analysis hereafter2

 !" Stability Analysis

In order to analyse the dynamic system in question we Grst need the followingH

Using 8?:;8I:> 8<@: and 8<J: to substitute for Ht" cta" c
t
o" L

t
a and L

t
o and recalling

thatHt
! is a function of h

t  and et we have that the household tKs FOCs 89:;8<=:

can be re;written as

F e8ytOxt  " I:  PDe8nt" st" lt" ht" 't" et" ( tO q" p" w"R: 6 = 8<Q:

Fn8ytOxt  " I:  PDn8nt" st" ht" ( tO q" w"R: 6 = 8<R:

F s8ytOxt  " I:  PDs8nt" st" lt" ht" 't" ( tO q" p" w"R: 6 = 8?=:

F l8ytOxt  " I:  PDl8st" lt" htO p" w"R: 6 =" 8?<:

where PDi denotes the welfare gain from a marginal increase in i on the part

of the typical agent t as a function of yt and I" and yt 6 Sxt" et" ( tT" xt 6

Snt" st" lt" ht" 'tT/ DeGning T t8/: 6
h
t  Sst  R8  *

t  : p8  l
t  :*t  T

nt  " 8@: can also

be re;written as

F , 8ytOxt  " I:  ( t
# ST t8xt  O p"R:9htT V ant 6 =/ 8??:

Finally we re;write 8?: and 8<9: as

F h8ytOxt  " I:  ht
#H8ht  " et: 6 = 8?W:

and

F *8ytOxt  " I:  't
# '8ht: 6 =/ 8?I:

Assuming for the time being that the system 8<Q:;8?I: can be solved 8at

least locally:> we have that the system in question gives implicitly the path yt 6

f8xt  O I:" where f is a vector;function that belongs to R" with components fy

each of which is a map R#
% R ; given I/ Accordingly> the dynamic system we

are interested in is part of the above equilibrium pathH xt 6 f8xt  O I:/

R



In what follows* to simplify the exposition we normalise by setting w 4 5

and we deploy the following notations7

Sa  !
"  8cta9c

t
a

" 8cta9

So  !
"  8cto9c

t
o

: 8cto9

S#  
$ 8ht9ht

$8ht9

:a  &"
 8cta9

:o  '"
 8cto9

N  )"  8nt9

E  U   85! et9

;  .U   85! lt9

Tn  !
T t819

nt! 

Ts  
T t819

st! 
<

85! lt! 9$t! ht! p

nt! st! 

Tl  !
T t819

85! lt! 9
<

85! $t! 9st! ht! R

nt! 85! lt! 9

Th  
T t819

ht! 

T#  !
T t819

$t! 
<
st! R

$t! 

L  Lto < RLta1

Moreover* we suppress* whenever there is no risk of confusion and until further

notice* the dependence of all the relevant variables on time t1 Finally* we note

from 8C9 that

:!$R 4 :!1

It follows* then* that the Jacobian of the system 85E9F8GH9 evaluated at the

equilibrium* P8 is given by the following J" J matrix

P 4

 
P  P !
P! P!!

!
8
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P   

 
!!!!"

Fn
n Fn

s Fn
l Fn

h Fn
$

F s
n " "

F l
n " "

F h
n " "

F $
n " " " F $

$

#
$$$$%

P !  

 
!!!!"

Fn
e Fn

&

F s
e F s

&

F l
e F l

&

F h
e F h

&

F $
e F $

&

#
$$$$% # P!!  

&
F e
e F e

&

F &
e F &

&

'

P!  

&
F e
n F e

s F e
l F e

h F e
$

F &
n F &

s F &
l F &

h F &
$

'
#

where F i
j denotes the *rst partial derivative of the function F

i3"4 "5 with respect

to j and i# j  n# s# l# h# *# e# ,# and

Fn
l  Fn

$  Fn
e  6#

F s
e  6#

F l
n  F l

$  F l
e  F l

&  6#

F h
n  F h

s  F h
l  F h

$  F h
&  6#

F $
n  F $

s  F $
l  F $

e  F $
&  6#

F &
s  F &

l  F &
$  F &

e  6#

Fn
n  N 7HF s

n # F
n
s  HF s

n# F
n
h   q8a39 Sa5# F

n
&   HF

s
n#

F s
n   

qSa8a

La
# F s

s   
3SaLo 7 SoRLa58a

LaLo
# F s

l   
39 p5So8a

Lo
#

F s
h  

3Sa  So58a

H
# F s

$  
8a

*
# F s

&   
F s
n

q
#

F l
s  F s

l 3H4*5# F
l
l  : 7 F l

s339 p54R5# F l
h  

39 p539 So58a

*R
#

F h
h  9# F

h
e   H!#

F $
h   

*S$

H
# F $

$  9#

F e
n  Fn

hH!# F
e
s  F s

hHH!# F
e
l  F l

h*H!# F
e
h   

H!8 3SaRLa 7 SoLo5

HR
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Note that the determinant of P is non/zero and therefore P ! exists and

the Implicit Function Theorem can be applied to determine implicitly yt  

f;xt !< I= from the system ;!>=/;?@= and thereby our autonomous dynamic sys/

tem xt  f;xt !< I=A In particularB
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Moreover)!! after de.ning fyx as the 4!5 matrix with i row the partial gradient

of f i;xt !< I= with respect to xt ! and G as the 4! 5 matrix with i column the

partial gradient of F i;yt<xt !) I= with respect to xt !) where i ! n) s) l) h)  )

e) / we have that
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Hence$ the '  ' Jacobian matrix evaluated at the equilibrium$ J $ of the

dynamic system xt 8 f9xt  : I; is given by

J 8
 
=  !=  P !P  !!

!
G

8 =  G !=
  P !P  !! G!

8 =  9G ! P !P
  
!! G!;

" =  >G 

Our aim is to determine the eigenvalues of J and therefore of the matrix =  >G 

To do so we Brst need to calculate >G We have that
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  The existence of P  follows from the existence of P  
!!

and of 1  ! The existence of

1  has been checked by using Scienti8c WorkPlace ;<=<
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Clearly0 then0 rank) 2G+ $ 3 and
  2G  $ 4/#!

Therefore0 jJ j $ 4 and thus the Jacobian matrix of the dynamic system we

are interested in evaluated at the steady state A assuming for the time being

that a steady state exists A is singularC Hence0 there is no point in linearising

the dynamic system in question around the steady state and analysing the

qualitative characteristics of the resulting linear system0 simply because this

linear system and the original nonAlinear dynamic system are not topologically

equivalentC#$ Yet0 we are still able0 as it turns out0 to characterise the stability

of the nonAlinear dynamic system xt $ f)xt #H I+I

Theorem & Let xo be a steady state of xt $ f)xt #H I+* xo is hyperbolic and

asymptotically stable for any I*

Proof) The proof rests on showing that the eigenvalues of the matrix J # 2G

are all zero for any I C By deMnition 8 is an eigenvalue of the matrix in question

if there exists N vector c "$ 4%!# such that )J
 # 2G+c $ 8c0 or0 equivalently0 such

that 2Gc $ 8Jc/ Clearly0 then0 given that
  2G  $ 4$ 8 $ 4 is an eigenvalueC

Note0 given jJj "$ 40 that if c "$ 4%!# then Jc "$ 4%!#/ Therefore0 if there is

a nonAzero eigenvalue 8 then it must be that the corresponding eigenvector c is

a solution to the system 2Gc $ b where b # 8Jc "$ 4%!# is a N vector/ Hence0

Mnding whether there exist nonAzero eigenvalues of J # 2G amounts to Mnding

whether there exists a solution c "$ 4%!# to the system 2Gc $ b/

DeMne as Z the matrix

!
""""#

*  qH 4 4 4

4 * 4 4 4

4 4 * 4 4

4 4 4 * 4

4 4 4 4 *

$
%%%%& and note that Z

 # existsC#&

Accordingly the system 2Gc $ b has a solution c "$ 4%!# if and only if c is a

solution of Z 2Gc $ Zb/ Note that Z 2G $

!
""""#

4 4 4 4 4
Kn

qH

Ks

qH

Kl

qH

Kh

qH

K&

qH

4 4 4 4 4

Mn Ms Ml Mh M0

4 4 4 4 4

$
%%%%& and thus

 !Note that the &rst column is equal to the third column times Tn

Tl
 the second column is

equal to the third column times Ts

Tl
and the &fth column is equal to the third column times

T&

Tl
!

 "Later on in the paper we resort to numerical simulations in order to get an idea of how

the system behaves over time9
 #Z is constructed from the kernel basis of ;G! ! The null space =or kernel> of a matrix A is

the vector space consisting of all solutions of the homogenous equations Az @  ! It is obvious

that the nullspace basis of ;G! consists of the &rstB third and &fth rows of Z!

*R



c   !  ! is a solution of Z +Gc  Zb if and only if ZBb  !" ! and +G
Bc  $.Bc%

where ZB  

 
! 3 !qH ! ! !

! ! 3 ! !

! ! ! ! 3
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qH
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qH
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qH

Kh
qH

K$
qH
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%

and .B  

$
.)#
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%
) Equivalently7 and making use of the de;nition for b and

the fact that $   !% we have that there exists a solution c   !  ! to the

system +Gc  b if and only if c   !  ! is the solution to the homogenous system

>c  !  ! where >  

$
ZB.

+GB ! $.B

%
) However7 rank@>A  B and thus the

only solution to the system >z  !  ! is the trivial oneC
! 

Thus7 if a steady state exists then it is hyperbolic and a sink for any I C The

fact that the steady state is hyperbolic implies that bifurcations of equilibria

when I changes cannot occurC That is7 when structural parameters change there

is no change in the number of steady states7 their stability type and the nature

of the orbits near a given steady stateC

In fact7 there is a uniquely determined steady state for any I C To see this

note that the steady state is given by

fx@xo% IA! xo  !)

By the implicit function theorem we know that if the determinant of the JacoJ

bian of the above system +J is nonJsingular then the above system determines

uniquely the steady state xo as a function of the modelKs parameters in some

neighbourhood of I) But7 an eigenvalue of +J% 3% is equal to 3! $% where $ is an

eigenvalue of J) Therefore7 3  !3 has multiplicity B and
&& +J&&   ! for any I)

The asymptotic stability of the unique steady state7 on the other hand7 imJ

plies that any transition path to the steady state is a shortJrun equilibriumL

Accordingly7 our model supports a plethora of shortJrun dynamic paths to a

uniquely de;ned longJrun equilibrium depending on the functional forms7 paraJ

meters and initial conditionsC

Our results come in striking contrast to the existing ones7 in particular to

the result of Becker et alC @3OO!A where longevity is not endogenousC In more

detail7 Becker et alC @3OO!A ;nd multiple longJrun equilibria @in particular one

unstable and two locally stableA7 whilst we ;nd a unique globally stable longJrun

equilibriumC Our results also diPer from those of other models with endogenous

longevityC Blackburn and Cipriani @R!!!A and LagerlTof @R!!!A in fact7 ;nd mulJ

tiple development regimes where the limiting outcomes of the economy are non

ergodic but depend crucially on initial conditionsC

The next step7 in principle7 would be to attempt to characterise in more

detail the longJrun equilibriumC However7 without further constraints on prefJ

erences7 technology and parameters we cannot J as it was expected J derive ;rm

 !That rank$%& ' ( has been checked by using Scienti5c WorkPlace ;<=<

3B



conclusions from a comparative statics analysis of the steady state2 For this

reason4 in what follows we provide some numerical simulations of our model2 !

 Simulations

To facilitate our simulations we assume logarithmic preferences and the following

logistic form for the survival function8

 t 9
 :exp <!"= > ?@ >  :exp <!ht= ?@

exp <!"= > exp <!ht=
<AB=

where " is a parameter determining the turning point4 ! determines the speed

of transition and  and  represent the lower and upper bound of the survival

probability2 The human capital production function is speciDed as8

ht 9 ht  
 
? > $et

!
<AE=

In what follows denote with Gq 9 q > a( The parameter q is the exogenous

component of the child rearing costs2 The parameter values are chosen quite

arbitrarily4 but do ensure interior solutions and give steady state results which

are similar to those found in empirical studies2

Parameter ! "   J) J* J+

Value L2LA L2M L ? ?2EN M2?A L2MN

Parameter , q a p R $ w

Value L2O L2M L L2EB P2B ?2E ?
The initial population consists of one adult and the other initial conditions

are h" 9 L(B and 0 9 L2 Each of the three periods correspond to AB years2

While et and  t are obviously always increasing during the transition to the

steady state4 the resulting paths for nt2 st2 lt and 0 t are nonSmonotonic2

Fig2 ? plots the diagram of nt during the transition2 Here4 and in all the

other diagrams4 we assume that our economy starts in ?PBL2 After dropping

the initial E periods to get the model up and running4 we plot the remaining

observations from ?ELL until ALVB2 Fertility starts from a low level4 then inS

creases4 and then falls again until it reaches the steady state like in the actual

demographic transition2 The length of the phase of increasing fertility is afS

fected by the parameter J)8 a lower value of J) reduces the duration of the baby

boom2 The extent of the boom is aXected by q8 when it falls the boom Yattens

and may become insigniDcant2 Hence a country with low cost of child rearing

may not experience the same demographic transition and move from a state of

high fertility to low fertility4 which is particularly true for many less developed

 !However& in the Appendix& we do report / for completeness / the matrix with the compar/

ative statics on the steady state 7and the steps which are needed to arrive at this matrix89
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countries) The fertility path in our simulation increases from about 3)3 at the

beginning of the eighteenth century 5which corresponds to an annual population

growth rate of 8)9:;< to reach 3)= at the end of the nineteenth century 5>)?;

per annum< to fall to about 3 today 5i)e) the population replacement level<) !

The path of the life expectancy is shown in Fig) >) It is very similar to the

actual experience of Europe and the USA 5see KremerI 3JJK<L from an initial

long phase of very small improvementsI it begins to increase fast in the last half

of the nineteenth century to reach its steady state value of :?)

In Fig) K we plot the time path for st which Mrst increases and then falls

toward its steady state value) We allow for s to be negativeI that is borrowing

at the world interest rate can take place and negative bequests are not ruled

out) This simpliMcation is counterbalanced by the fact that positive unintended

bequests are also absorbed by the Government) The saving rate becomes posiR

tive when growth takes oS and it increases until the last quarter of the twentieth

century before falling to its the steady state value of 8)>=) The opposite path is

found for lt in Fig) 9) Note that a decrease in lt corresponds to a decrease in the

retirement ageI and vice versa) After an initial long fall in the retirement ageI

like that experienced by many developed countriesI there is a slight increase to

the steady state) Finally the tax rateI  " tI increases initially because of the

negative bequestsI then because population starts ageing and the PAYG system

begins to operateI then falls because of the eSect of the positive unintended

bequests " and then increases again to the steady state as in Fig) ?)

The transitional path of the per capita growth rate is displayed in Fig) W)

It starts from 8)33 5that is 8)9K; per year< in 3=88I it increases to 8)93 53)K=;

per year< in 3J88 and reaches a maximum of 3)39 5K)8=; per year< around 3J:?

to fall to 8)JK 5>)WW; per year< at the steady state) This path matches very

closely that of many currently developed countries 5see for example Barro and

SalaRiRMartinI 3JJ?<)

Fig) : plots the dependency ratio over time) Because the initial decrease

in fertility rates more than oSsets the initial increase in the number of old

agents dependency initially falls) It then increasesI together with the temporary

increase in fertility and falls again after the baby boom) Finally it raises to its

stationary level) In the last diagrams we plot two ageing indicesL the ratio

of old agents to total population and to young agents in Fig) = and Fig) J

respectively) Both are increasing with time until they reach the steady state

and closely match the actual paths and forecasts in developed countries 5see for

example EurostatI 3JJ?<)

 !The fertility rate in this paper is the number of children per person3 Therefore it coincides

with 56population growth rate over 9: years3 The actual European population growth rate is

similar to our simulated path< which however overshoots actual fertility at its peak by about

5> ?see Kremer< 5AAB C3
 "To see this note that if the model is simulated with a D> tax rate on bequests ?in which

case the implicit assumption is that unintented bequests are GwastedHC the time path of  is

always increasing until it becomes stable3 It therefore follows the same path as the ratio of

old agents to adults3
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The following tables present some comparative statics results4 where G 5

n67 8 "e9 7 is the steady state growth rate of total output and g 5 "e is the

per capita growth rate in the steady state< old(pop is the ratio of old agents

to total population and dep is the dependency ratio which includes the children

too< The last two columns of the second table show the old to young agents

ratio and the old agents to adults ratio<

e n s l  + G g

Baseline ><?@A 7<>>A ><A@B ><ACD ><ADA A<EDF A<EGF

a 5 >-7 7<D77 ><ADC ><GAC ><G>G D<>EF

" 5 7-@ ><?CA 7<>77 ><ACG ><A@C ><AGG A<CGF A<@BF

. 5 >-C? ><E>D ><BEG ><ACB ><AEB ><A?7 A<?BF A<@DF

H/ 5 G-B7 ><EAA ><B>B ><GGG ><G?7 ><AGG A<D7F A<C>F
H0 5 7-C@ 7<7>G ><A@D ><AB7 ><A7C G<>DF

q 5 >-A? 7<A?A ><ABB ><A?D ><A>A G<?EF

H2 5 >-D@ ><BDA ><A?B ><7BG ><AB7 A<GBF

p 5 >-? 7<77E ><GGE ><DDA ><7G> G<>BF

Baseline

a 5 >-7

" 5 7-@

. 5 >-C?

H/ 5 G-B7
H0 5 7-C@

q 5 >-A?

H2 5 >-D@

p 5 >-?

dep old(pop old(yng old(adl

A<>>> ><GGG ><BBE ><BBC

A<7A> ><AA@ ><?>A ><@>B

A<>>> ><GG> ><B@C ><BCB

A<>>7 ><GDE 7<>@B 7<>GB

A<>>B ><GEE 7<A77 7<7>>

A<>7> ><G>7 ><CA7 ><B>E

A<>?7 ><AEA ><EGC ><@BB

A<>>D ><G?G 7<7A@ 7<>EA

A<>7A ><AB@ ><C>A ><CBE

The Irst row shows the steady state results for our baseline values of the

parameters< Agents spend 7D<G years in education4 the population growth rate is

near the replacement level and the savings rate is ACF< The retirement age is ?@

and the tax rate is ADF< ! In the second line the eMect of a child rearing subsidy

is considered< This subsidy increases the fertility rate4 thus decreasing the old

age dependency ratio and it increases the growth rate of total output< It has

also the eMect of decreasing the saving rate and increasing the retirement age<

Similarly4 a less generous pension scheme 6p 5 >-?9 or a fall in the exogenous

component of child rearing costs 6q 5 >-A?94 increases growth and the fertility

rate4 and also decreases the tax rate and the old agents to adults ratio< However4

while both events increase the saving rate4 the former increases the retirement

age4 while the latter reduces it< If the human capital technology becomes more

ePcient 6" 5 7-@9 per capita growth obviously increases and so does the fertility

 !These numbers are derived considering that each period lasts 34 years6 Then 76483 cor9

responds to :;6< years and the retirement age is 47=763>?346
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rate and the saving rate+ Here an income e0ect acts on the retirement age

reducing it+ As far as preferences are concerned5 the table shows the e0ects of

a change in the discount rate 9 :5 in the preference for old age consumption

9 ;!:5 children 9 ;": and leisure in old age 9;#:+ A higher discount rate decreases

fertility and the retirement age while increasing the savings rate and the per

capita growth rate+ The same results follow an increase in the preference for

old age consumption5 except that the e0ect on the retirement age goes in the

opposite direction+ A higher taste for leisure when old has the obvious e0ect of

inducing early retirement5 but it also reduces fertility and the saving rate+

Choosing a lower starting value of h does increase the number of periods

it takes to reach the steady state 9which5 of course5 is not altered: but the time

paths of the endogenous variables are eventually very similar to those displayed

in Fig+BCD+

 Conclusion

This paper is an attempt to study ageing in a model where demographics 9ferC

tility and longevity: and economic outcomes are determined jointly within a

general equilibrium model+ The few other existing models with fully endogeC

nous demography have not been geared to study ageing alongside growth and

their implications+ Our analysis has been based on a simple OLG model in

which life expectancy is endogenous and reproductive agents invest in educaC

tion5 produce and consume output+ Retirement age is endogenous and when

retired agents receive a PAYG pension+ The equilibrium is characterised by a

sink and therefore supports a plethora of shortCrun dynamic paths+ Under speC

ciNc assumptions for preferences and technology we have shown that the model

yields predictions about the relationships between economic and demographic

outcomes that can Nt the stylised facts+ In particular5 a demographic transiC

tion from a situation of increasing income and increasing fertility to increasing

income and falling fertility is derived+ This transition and the subsequent ageC

ing of the population is driven by the endogeneity of life expectancy+ The last

Section of the paper provides also the results of a couple of policy experiments

concerning the pension scheme and the child subsidy scheme+

There are a number of ways in which the model could be extended and imC

proved+ Ideally one should better consider the role of bequests which in this

paper are only taken into account as unintended bequests 9taxed at BQQR by

the government:+ Together with this5 a more complete model of ageing should

incorporate another important reason to have childrenS the old age support

motive+ Analysing intergenerational transfers in both ways would however sigC

niNcantly complicate the present model and would probably be of not much

interest in modern developed countries+ Finally5 we would also like to incorpoC

rate physical5 as well as human5 capital and relax in that way the small open

economy assumption+
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 !0 Steady State Analysis

The long.run equilibrium yo  !xo* eo* 5o% is given implicitly by
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The Jacobian of the system /0123 4P ! is given by the following 1 1 matrix !
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j denotes the =rst partial derivative of the function
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 !In what follows we suppress the superscript o whenever there is no risk for confusion2
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Note that the determinant of ,P  exists/ In more detail2
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Moreover(!" after de-ning f
y

I
as the 3 4 matrix with i row the partial gradient

of f i:x; I< with respect to I and Q as the 3 4 matrix with i column the partial

 !The existence of +P ! follows from the existence of +P !
  

and of +2 !! The existence of
+2 ! has been checked by using Scienti9c WorkPlace <=>=

?@



gradient of *F i+x" e" $" I, with respect to I" where i 2 n" s" l" h" +" e" $ we have

that
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The latter matrix provides us with the comparative statics on the steady stateB

However8 without further constraints on preferences8 technology and parameters

we cannot derive Crm conclusions on the signs of the elements of the matrix in

questionB

EF



 Figures

Figure &' The path of fertility

Figure 1' The path of life expectancy

Figure 5' The path of the savings rate
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Figure &' The path of employment as old

Figure 5' The path of the tax rate

Figure 7' The path of the per capita growth rate
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Figure &' The dependency ratio

Figure 2' The ratio of old agents to total population

Figure 6' The ratio of old to young agents
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